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OLIMPIADA NATIONALA DE MATEMATICA
ETAPA LOCALA - 07.02.2026
CLASA a Xll-a
BAREM DE CORECTARE

Problema 1 (22,5p)

Se considera multimea G = A(X, y) = X,y € Zs,detA(X, y) 1!,

< < X
< X <
xX < <

a) Determina elementele multimii G .

b) Aratati ca (G,-) este grup comutativ.

c) Demonstrati ca grupul (G,-)este izomorfcu (Z,,+).

Solufie:

a) Din det A(X,¥) =12 X3 +2y° + 22Xy =1, oo 4p
de unde (x,y)e {(i,()),(f), 2)(14)(34)} ............................................................................ ap
=G= {A(i()), A(0.2),A(3.4), A(i,&)} ........................................................................... 1,5p

b) A’ (6,2) = A(é,&), A3<f),§) = A(i,&) , A (6 é) = A(i 6) .................................................... 3p
Rezulta ca (G,-) este grup ciclic generat de A(O,é) ................................................................ 4p

€) TabIAGIUPUIU (Zy,+) ..ocoveoessoseeessossesssosses s 2p

Tablele celor doud grupuri sunt structurate similar, deci (G,-) este izomorf cu (Z,,+) ........ 4p
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Problema 2 (22,5p)

Fie functia f :(0,00) —(0,2) definitd prin f(x)= 2—X1 si legea de compozitie ,,o” definitd pe
X+

X
Xy—X—Yy+2
a) Demonstrati ca f (xy)= f(x)o f(y), pentru orice x,y e(0,x).

(0,2) prin xoy = ,unde ((0,0);-) si ((0,2);0) sunt grupuri comutative.

b) Determinati x €(0,2) pentru care XoXox:g :

Supliment Gazeta Matematica nr.10/2025

Solutie:
2Xy
f = (V) X, 0,00) 1riitit e e e 3
0 100) =22 (xye(0) :
2X 2y
f(x)-f(y X+1 y+1
f of = = = e 4
(X) (y) f(X) f (y)_ f (X)_ f (y)+2 2X ) 2y _ 2X _ 2y ) p
X+1 y+1 x+1 y+1
4xy 2xy

= = , (V) X, 0, f =f(x)of , (V)X 0,0) v, 3,5

= 2 (MY e(00) = ()= () (1), ()xye(0) :
b) Demonstram ca functia f este inversabila

f’(x):( 21)2 >0, (V)x,ye(0,00)= f este strict crescatoare pe (0,00) = f injectiva

X+
f continud pe (0,00) si Im f =(0,2)= f surjectiva
f bijectiva = f inversabildsi f™:(0,2) — (0,00), fl(x):%inversa Ui o, 3p
- X

f este izomorfism de grupuri = f ™ este izomorfism de grupuri,

FH(xoy)=F7(X) F7HY), (V)XY €(0,2) i 3p
f7(xoyoz)=fH((xoy)oz)=f*(xey) - fH(z)=17(x)- T (y)- 7(2), (V)x ye(0,2)
XoXo x:%<:> f(xo xo x)=f" g} < f7H(x)- f7H(x)- 7 (x)= fl(%j ....................... 3p

3 3 3 93 3
@(Lj ZZQ(L) ZQ/EBQLZSZQX: 2\/E QX:%E(O’Z)Bp

2—X 2—X
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Problema 3 (22,5p)
Calculati:
J~ s_lnx+cosx dx. x e O,Z ;
3sin X+ 2C0s X 2

b) I COS X X
2026 + 2025sin 2x

Solutie:
A=
. . . 3A-2B=1 13
a) sinx+cosx= A(3sinx+2cosx)+B(3cosx—2sinx)= = 7 4p
2A+3B=1" |, _1
13
sin X+ cos X 5 ¢3sinx+2cos x 1 (3cosx—2sinx
[ dx = > [22 dxt— [ e e 4p
3sin X+ 2€0S X 137 3sin X+ 2cos x 137 3sin x+2cos X
5 1 )
=X+ =IN(BSINX+2C0SX)+C oo 4p
13 13
b) Daca | =.[ COSX - dx, se considera J =J. SInX _ dx
2026 + 2025sin 2x 2026 + 2025sin 2x
Atunci |+‘]=I S|nx+cos>.< _J- sin X+ Cos X dx =
/2026 + 20255sin 2x \/4051 2025(sin x —cos x)
Sin X —Ccos X)
:\/2(1)25_[ 4021 ) dx=%arcsin(%(sin x—cosx)J+C .......................... 4p
\/2025—(sinx—cosx)2

- COS X —sin X = €OS X —sin X
12026 +2025sin 2x \/1+ 2025(sin x+cos x)°

dx =

Sin X +CoSs X)
__1 J' ( ) dx:iln sinx+cosx+\/i+(sinx+cosx)2 +C ... 4p
J2025 \/ 1 2 45 2025
2

+(sin x+cos x)

45(sin x —cos x)

) 1 ] ] 1 ) 2
Deci | =—| arcsin +1In| sin x+cos X+, |—— +(sin X+ cos X +C o 25
90( \J4051 { \/2025 ( ) D P
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Problema 4 (22,5p)
Calculati:
1 2)(
) | ————dx;
) !22x_2x+1+2
1
X
b) | —————adx.
) -!2X +217 =2
Solutie:
1 x 1 x 1 2)(
a) Notam | = X = | ———=—0X. e 4
) Notim Jzzx 712" ! 2.2 42 !(Zx_l)zﬂ P
171
Folosind schimbarea de variabila 2" —1=t obtinem | = —I At = 4p
n2yt°+1
1 T
= AN O g | = 4
ot In2 P
1 X
b) Notam J -[ZX ———dX. Folosind schimbarea de variabild X =1—t obtinem
) _
1 1 1
1-t 1 t
J= dt = - et ettt e e e e e 4,5
-([2‘+2“—2 ;|)‘2t+2lt 2 -([2t+2“—2 P
1 t
2
= - AU = T = et 3p
1[ 22 2" 42
N [ OO 3p
In2



