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OLIMPIADA NATIONALA DE MATEMATICA
ETAPA LOCALA - 07.02. 2026
CLASA a Xl-a
BAREM DE CORECTARE

Problema 1 (22,5p)

1 0 2026
Se considera matricea A = (2026 1 1013-2027 | € M3(R).
0 0 1

a) Aratati ca daca X € M;(R) verifica relatia AX = XA, atunci exista m,n,p € R astfel

m 0 n
incﬁtX=<n m p).

0 0 m
b) Determinati X € M;(R) astfel incat X2926 = A,

Solutie:

a b c
a) FieX = (d e f) € M;(R).
h i

g
DindX =XA=>a=e=h=m€eRb=g=h=0c=d=n€R,f=p€ER.......... 5p
b) X2027 = x2026 — AX, X2027 = xX2026 = XA = existim,n,p € R astfel incat
m 0 n
X=(n m p |, conform punctului @)........cccceomrmimmininiiininieieee e 4p
0 0 m
det(X?926) = detA = (detX)?°%6 = 1 = detX = 1 sau detX = —1
Dardet X = m3 = M = 1 SAUM = — Lo 3,5p
m 0 n 0 0 n 0 0 n?
CumX = <n m p) =mlilz3 +B,B = <n 0 p),B2 = (0 0 0),33 = 04,
0 0 m 0 0 O 0 0 O
0 0 n
X2026 = ;20261 4+ m2025C1 L B+ m20%4C2 B> =(n 0 P | 4p
0 0 O
1 0 2026n
DaCé m = 1 = X2026 == 13 + 6%0263 + C22026BZ = <2026n 1 2026p + 1013 * 20277’12).
0 0 1

1



CumX2°26=A=>n=p=1:X=<1 1 1

Analog, pentru m = —1, se obtine X = <

-1
-1
0
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Problema 2 (22,5p)
Fie sirul (x,)ns0 CU Xy = 081 X411 = X, + a + /b + 4ax,, pentru orice n € N, unde a, b > 0.

. . X
Calculati  lim =.
n->+oon

Solutie:

Prin indutie se demonstreaza ca x, >0, (V)M E N™ oo 4p

Deoarece x,.1 — X, = a + /b + 4ax,, > 0, (V) n € N*rezulta ca sirul este strict crescator..4p
Presupunem ci sirul este marginit superior, atunci el este convergent = (3) %" x, =1 €R.
Trecand la limita in relatia de recurentd se obtinecal =l + a + Vb + 4al =

0 =a++Vb + 4al fals, deci presupunerea facuta este falsa, deci sirul este nemarginit superior

si fiind strict crescator= % Xy = 400 ceei it 4,5p
Calcula lim ¥*n _ lim v*n+1—vXn _ lim a++b%+4axy _
aleulam 04, —== il —— = =

n+i-n n-to >
Xpta+ybe+4axp+./xn

_ e _ =
—ni)r:l_oo == 2 6p
. . e e . . i VX . .
Deoarece sirul (z—’;) este cu termeni pozitivi si (3) 2%, Tn = +/a, va exista si
nz1
lim *n _
nﬂﬁw;;—-a .............................................................................................. 4p
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Problema 3 (22,5p)

Se considera matricele

kK 0 k

A=<O 0 0) si X(a) =13+ aA,undea € C",k € N*.
1 0 1

a) Demonstrati ca X(a) - X(b) = X((k + 1)ab + a + b) , pentru orice a,b € C*, k € N*.

b) Sa se calculeze (X(a))n, n € N*.

Solurie:
k 0 k
a) Calculeaza A2 = (k + 1) (O 0 0) = (k + 1)A, iar apoi
1 0 1
X(@)-X(b) =Is+ad+bA+ (k+1)abA = X((k+1)ab + @+ b).covvvervrrrrerrrrirrerri 5p
b) X(a)-X(b) =X((k D (a+2)(b+2) —ﬁ)
2
Deci (X(a))* = X ((k +1) (a + ﬁ) - ﬁ) ........................................................................ 5p
3 3
(x@)’ = x ((k +1?(a+=) - ﬁ) ............................................................... 4p
n
(x@)" = x ((k + 1" (a+ ﬁ) - ﬁ) ............................................................................ 4p
Finalizare inductie MatematiCa...........cc.eeiuiiiiriieriieiiieiesieeee ettt 4,5p



" MINISTERUL EDUCATIEI $I| CERCETARII

Problema 4 (22,5p)

lim 1+cos x-cos2x-cos4x: --- -cos2™x

~ *
Sa se calculeze ' ) , nE N,

Solutie:

im 1+c0s x-cos2x-cos4x- -+ -cos2™x o N . 0
Lo - , n € N*se gaseste in cazul de nedeterminare PRRTERPPPRRRRRRE 4p
Se face substitutiay =x—m, y - 0

e . . im 1—Cc0s y-cos2y-cos4y: - -cos2™y
si limita devine yli,'{)‘ 2 L TEE N o 5p
La numadrdtor facem artificiu de calcul:

lim 1+€0S x:c0s2x:cos4x" -+ -c0S2™X _ |im 1—COSY+C0SY—COS X*COS2X'COS4X" -+ -cOS2™x
xom )2 — =0 y2 -
_ lim1l-cosy 4 lim cosy(1—cos2ycos4y:- -+ -coszny) Z lim 1-cos2ky 55
— y—)O yz y—)O yz k O yﬁo yz ------------------------- ] p

n

Z lim 23m22k 2sin?2""ly Z 2sin?2k=1y 22k=2.42
= y-0 y-0 1,2 z

T (2k-1y) y

2k-2.,,2

— lim 277 7Y% _5yn  52k-2
—_ zzk Oy_)o T—zzk=02 .........................................................................4p
_ lzn 92k — 1 221 222 4
= 5 Lk=0 =3 3 = P T P P TSR RPN p



