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SUBIECTUL | (7 puncte)

Vx Ve Vx+ 3k
Fie M (x, k) = Vk Vx + Vk ¥Yx |,ecux,keR.
x+¥k Yx Vk
a) Si se calculeze M (-k, K) si E (sin?a, cos’a), o € R. 5p
b) Si se rezolve in multimea numerelor reale inecuatia Y 3oy M(x, k) > 0. 2p

Aducem la forma cea mai simpla expresia data. Se aduna toate coloanele la prima coloana. Se
scoate factor comun si se obtine :

1 Ve Vx+Vk
M k=2@x+¥0) |1 ¥+ ¥

1 x Vi
Se scade din linia a doua prima linie si din a treia linie scadem a doua linie.
Obtinem : M (x, k) =2-(3/x + VE)(Vx - Yk — V- V) = -2(xHK) 3 (1) wevveececeeeeeeee, 3p
V& V& o Jo V& o
a) M(-k,k)=| 3k 0 Ykl=1o 0 R =0 Ip

o -Vk Vkl lo -Vk Vk
M (sin?a, 0S20L) = -2(SIN20L + COSZ0) = =2 .. ovvtee e Ip

b) Folosind (1), obtinem :
2x+1)-2(x+2)-...-2(x+4047) >0.
4047x+ (1 +2+3+...4+4047) S0 =X <-2024 oo 2p
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Si se calculeze: lim (VnZ + n — ¥n? + n?)

n—oo

lim (Vn2 + n — n3 + n?)= ii_r)?o[(\/nz +n—n)— (¥Yn®+n2n)=

n—>0oo
=Hm (VRZ + -0 ) = M (VN3 F 102 2 0) oo 2p

n—->oo n—>oo

2 2

. 2 . 1 n“+n-n" _ . n — l

711_r)r010(\/n +n-n) 711_13010 T 711_1)1;10 T T T e 2p
n( 1+;+1)

. : 34n%-n3 . 2 1
lim (Yn? + n2 —n) = lim 3 AR = lim z == .......2p
n—oo n-ooo Y (n3+n2)24nVn3+n24n2 n-ow nz(ij(1+i)2++3\/1+i+1) ’

n n
C e 11 1
Atunci , limita din enunt este egala cu TG TG e lp

SUBIECTUL Il (7 puncte)

x
Se consideri matricea A = % (_11 D Sa se determine A™ = (_;n ZZ), neN *sisa
se calculeze limitele sirurilor (x,,),si (¥,)n-
1 1 T LT
moif E OE|_1 cos sing )
A T\ _qin T g ) p
Z 7 s 7%

Calculand si demonstrand prin inductie rezultatul se obtine ca:

nm . NI
1 COST Sll’lT
n _
A" = o . onm D R R T P 3p
—SIn— (CO0S —
4 4

. 1 nmw . 1 . nmw . . . ..
Se obtine ca: x,, = —cos — si y,, = — sin—. Sirurile converg la 0, fiind produsul unui sir
2n 4 2n 4 ’

convergent 1a 0 Cu UN SIr MATGINIL. ....o.uiieit ettt et e eeeeeeeee e aaeenans 2p
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. “ s . . 1 . <, 4o < q:Inn
Se considera sirul (xn)u0 definit prin xa+1= x, + o sicuxo € R Aratati ca lim —=1.

n—o Xp

Monotonia xp+1- Xp=€ 1 > 0 = X -StrICt CTESCALOT ...\ttt eaeeeeeaeaenn, Ip
Marginirea: Daca x, este marginit superior, atunci din Weierstrass, obtinem x, convergent,
si trecand la limita in relatia de recurenta, obtinem:

I=lHe ™, cuT € R = 1M X, =400 oo 2p
n—-oo
Aplicam, acum Cesaro-Stolz:
. Inn . In(n+1)-Inn .. n+1 . eXn 1 . eXn
lim —= lim ————=limin—-e*=lim —-In (1 +5)"=lim — ................... 2p
n—oo Xn n-ooo Xptl—Xxn n—oo n n-oo N n n—ooo N
Aplic iarasi lema Cesaro-Stolz:
. e*n . efntl_e*n . _ . 1 -
lim — = lim ————= lim e*n(e*+17*n - 1) = lim ————(e*nt1™*n 1) =1 . ...... 2p
n-oo N n—oo n+i1—-n n—oo n—co xn+1_Xn



