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OLIMPIADA NATIONALA DE MATEMATICA
ETAPA LOCALA - 11.02.2022
CLASA a Xl-a
BAREM DE CORECTARE

e Pentru orice solutie corecta, chiar daca este diferita de cea din barem, se acorda
punctajul corespunzitor.

e Nu se acorda fractiuni de punct, dar se pot acorda punctaje intermediare pentru
rezolvari partiale, in limitele punctajului indicat in barem .

Problema 1
Se considerd matricele A, B € M, (R) cu proprietitile: AB = A2B? — (AB)? si det B = 2023.
a) Aratati ca A nu este inversabila.
b) Aratati ci existd a € R astfel incat det (A + xB) = ax + detB - x?, (V)x € R.
c) Determinati m € R*, stiind ca det (A + mB) — det (B + mA) = 2023.

Solutie:
a) AB = A’B? — (AB)? = A-B = A’B? — ABAB =

= AB = A(AB2 — BAB) = AB = A(AB — BA)B.

AB = A(AB — BA)B

B 0 |=>A=A(AB—BA)=>A(IZ—AB+BA)=02. .................................... (1p)

Daci A este inversabila = I, — AB+ BA =0, = AB—BA =1, = Tr(AB - BA) = Tr(I,) =

Tr(AB) —Tr(BA) =2= 0=2 = fals = Anuesteinversabild.......................cocoiiiiiinnnn. (1p)

_(a b _ (a1 by
b) A_(C d), B_(Cl d1>’ A,B € M,(R).

Prin calcul direct (utilizand proprietatile determinantilor) se demonstreaza relatia:

b,

alt

det (A+ xB) = detA+ ax + detB - x?,(V)xE€ER sia = |2

a; b
¢ d|ER .................... (1p)

Din a) avem ca A este neinversabila, deci det A=0, de unde rezulta:
det(A+xB) =ax+detB-x%, (V)X ER SIAE R ..ot (1p)
c) det (A + xB) = ax + detB - x? = ax + 2023 - x2.

Avem det (A +mB) = am + 2023M2. .. ..ot (1p)

1 1 1 1
det(B+ mA) = det(m(A+—B>> = mzdet(A+—-B> = mz-(a-—+2023-—2) =
m m m m
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= det(B + MA) = 01 & 2023 +vooeoee oo (1p)
det (A+ mB) —det (B4+ mA) = a*m +2023 - m? —m - a — 2023 = 2023(m? — 1).

Obtinem: 2023(m? —1) = 2023 =>m?—1=1=>m?=2=>m=4+V2ER". ..................... (1p)

Problema 2
8 —7)

Se considera matricea M = (7 _¢

a) Aratati ca daca matricea X € M, (R) verifica relatia MX = XM, atunci existd a,b € R astfel incat

_(a b
X= (—b a+ 2b)'
b) Determinati matricea X € M, (R), stiind ca X2°23 = M.

Solutie:
. _(a b .
a) FieX = (C d) € M,(R);

mex=(3 D@ = BT,

XM= (2 ) T = Ty (1p)

Egaland cele doud matrice se obtine sistemul:

8a—7c=8a+7b
8b—7d=-7a—6b c=-b _(a b
7a— 6¢ = 8¢ + 7d =>{d =X (—b a+2b

D & ) ab€ER L (1p)
7b - 6d = —7c — 6d

b) X202% =x2023.X =M -XsiX?0%* =X X028 =X-M > XM =MX =

:X=(_ab a_:)Zb),a,bER. ........................................................................ (1p)

det (X2923) = —48 + 49 = (detX)2°%3 = 1 = detX = 1.
DardetX =a?+2ab+b?=(@+b)2=>a+b=41. ... (1p)
Cazul I.

Dacia+b=1=>b=1—-a=>

x=(2; 32D=C01 19 =x=( Dre-n( )
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>X=L+@—-1)A A= (i :i) AZ = (8 g) _
X223 = (I, + (a— DA)B =1, + (a— 1)Chp23A =1, +2023(@— 1A ..oooriiiiiiieeeeeee (1p)
= (3 :Z) =1 +2023(a—1)A=2023(a~1)A = (; :;) = 2023(a—1DA="7A
7
=2023(a—-1)=7=a-1=-—=
7 7
DarX = (é 2) +(@-1) (1 :}) =>X= Lﬁ __Ti >X= 201—23(20730 26176)' (1p)
2023 2023

Cazul Il.

Dacia+b=-1=>b=-1—-a>=

=51 Lod=x=(y 2)rarn( D)

X=—L+(@+ 1A, A= (1 :1) A% = (0 0) = 0,.

SXV= (=L + @@+ DA" = (-1, + (=1)"In(a+ 1A

2023 _ _ 8 -7\ _
X2023 = _[, + 2023(a + 1)A = (7 _6) _(
—2014
2023

2023a — 2023 = —7 —2016
- — = -/ = =
a 4= 72023

2023a+ 2022 -2023a-— 2023)
2023a+ 2023 —-2023a— 2024

2023a+ 2022 =8=>a=

=Ecuatianuare solutiidacda+b = —1. ... (1p)

Problema 3

n
_ lim 1—cosx . __lim 1—cosx- vYcos2x-...ycosnx:

Se considera sirul (ap)ns1, a1 =x90 = §lan =x50 n=>2.

x2 ’

a) Calculatiaq, a, si a,, n € N*.

Inn
O 1 2k+1

b) Calculati 7., (—Zﬁzl( > )) .
d 16 ay

Solurie:

sin2%
8.) _ lim 1-COSX _ iy 20 2_2_1
d1 x>0 X2 T x20 2 T 4
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1—cosx- (1 + +/cos2x — 1)

_ lim lim
a2 =x-0 x2 a1Fx-0 x2
1 i 1-cos2x 1 2-sin®x 3
> @y = o gy = I e e, (1p)

*2032(1+ Vcosax)

3 n-1 n
. _lim 1—cosx- Vcos2x-Vcos3x..." \/cos(n—1)x(1+YVcosnx—1)-
Avem: a, =15

x2

(1 —Ycosnx) - cosx - Vcos2x - Vcos3x..."” Vcos(n—l)x

0
X %2

2 - sin? =
lim 1 — cosnx - 1 lim =~ > 2

-0 =ap_1+= x50
x x2(1+ Y/cosnx + Vcos?2 nx + -+ + Vcos® 1 nx ) " n* x?

= dp- 1+

:>an:an_1+g,n22:> an=$ ..................................................................... (2p)
(2k+1) _ (2k+1) 1 1 _
b) Zk 17 = lk=tia gz - Sk=lig T k=10g 07
_ 4 _ 1 _n?+2n+1-1_ n®+2n _ n(n+2)
=1 (D = (RrD? T ORPDE = (mad)? oot oot r e s (1p)

inlocuind in limita, se obtine:

Inn Inn Inn lim _Inn
li 1 on (2k+1) i n(n+2) _ 1 -1 T nohe 7 0 _
oo (1_62k=1 a2 = 0obo ((appyz)  Tnore (Lt ) = T (i =et =1..(02p)
+1
Am utilizat: Jim 100 _ lim g =0
: n—>+oo(n+1)2 — n-o+w 2n+1
Problema 4
n(n+4) . 6

Fie (xp)ns1 un sir de numere reale cu proprietatea ca x,41 = ey Y oinmy 2

Aflati valoarea lui x; pentru care sirul (x,),>1 €Ste convergent, iar pentru x; astfel determinat calculati

- : In(1-

limita Jim ~nd=xn)
Xn

G.M.-B, Nr. 10/2021, Mihaela Berindeanu, Bucuresti

Solutie:

A ) .. 1 . .
Inmultim relatia din enunt cu __(n+1) si obtinem:
: : U () (nta) T

(n+1) n 6

D . T manmrn I T i meaymes PENTUOMICE 1 2 1,

X, = 1 sirezulta relatia y, 1 = y, + T — S D (1p)

Notam y,, = (n+2)(n+3)(n+4)’

(n+2)(n+3)
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Obtinem egalitatile:

6 6 6
yz—yl+m,y3—y2+m, .................. ,yn+1—yn+m.
Se aduna cele n relatii si rezulta:
_ k=n 1 —_ é k=n 1 _ 1
Yne1 = Y1+ O %=t Ggyeamoas - Y1 Tz 2k=t ((k+2)(k+3) (k+3)(k+4)):>
1 1 1 1
:>yn+1—y1+3(a—m):>yn—yl+3(a—m) ...................................... (Zp)
(n+2)(n+3) n+2)(n+3) 1 3
Dar xnzTyn:McnzT(yl+Z)—; ............................................. (1p)
Sirul (x;,),>1 €ste convergent & y; + % =0= 3—2x1 + i =0=>x;+3=0=>x;=—-3............(1p)
Cu x; = —3, obtinem x,, = —% = JMim x, =0.

Avem: lim m(1-xp) _  lim  n(1+(=xy)) -1

n-+ow Xn - n-o4w _(_xn) e S (2p)



