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Clasa a XlI-a
Barem de corectare si notare

1 a a?
1. a) Fiea,b,c € C* oarecare si V(a,b,c) =|1 b b?| determinantul Vandermonde asociat.
1 ¢ c?
1 b+c a? 1 a bc
Exprimati in functie de V(a, b, ¢) determinantii 4; = (1 c¢+a b?|sid, =1 b cal.
1 a+b c? 1 ¢ ab
b) Calculati determinantul 4 de mai jos, scriind rezultatul sub forma de produs:
b+c c+a a+b
a b c
4= aZ bZ CZ
b+c c+a a+b
Solutie:
1 b+c a? 1 b+c+a—a a? 1 a+b+c a?| |1 —a a?
A =|1 c+a b*=|1 c+a+b—-b b* =1 a+b+c b?+|1 —-b b? =
1 a+b c? 1 a+b+c—c c? 1 a+b+c c? 1 —c c?
S (@, D, ) o 2p
1 a bc 1 |a a* abc a a* 1 1 a a?
A2=1bca=%'bb2abc=bb21=1bb2=
1 ¢ ab c? abc c c? 1 1 ¢ c?
V(A D, C) oo s 2p
b) Scoate factor comun de pe fiecare coloana si obtine:
1 1 1
4 b <
A=b+c)(c+a)la+b): | b+c cta a+b | — determinant de tip Vandermonde......... 2p
a? b? c?
(b+c)?2  (c+a)? (a+b)?

. b a c a c b

Ob‘gmeA = (b I—c)(c+a)(a|—b) (E—m) (m—m) (m—m) ........................... Ip

2. Fien€N,n>=2si A= (a;);j=tn € M,(R) matricea cu elementele

a _{1—n, daca i =j,
H 1, daca i # j.
Calculati A™ pentru m € N*.



Solutie:

A=U,—nl,undew;; =1, (V)i,j, 1<i,j<n

Deduce UM = n™ U, , (V)M € N* e 2p
Cum U,I,, = I,U,, atunci

A™ = (U —nl)™ = (D)™ ™ L+ 0™ Uy - Y (—D)™R L CR L, 3p
Arati ci Z:;l(—l)m"k COK = (2 )™ 1Ip
Deduce A™ = (—1)™(N™L, — N™ UL oo 1p
3. Calculati limita

’ VI+x—V1+3x
im :
0N T+4x +x—Y1+x

Solutie:
. NI+x-Vi+3x . VItx—-1-AVI+3x+1
Avem lim —————=lim 3 = ittt ettt et ieeaieeaaa, 2p
x50 Vitdx+x—Y1+x x50 Vitax—1+x+1-31+7c
x| —3x
. P IR { we PER (1+3x)%
=lim = — e 3p

x—0 7 .4 > 4 +x+4 2
(1+4x)°+ V (1+4x)4+V1+4x+1 1+ TF x4t (14x)5

4. Fie a > 0 un numar real pozitiv oarecare si consideram sirul (x,),»; definit prin x; = a si
Xn .
= — >
Xni1 = Tz pentru orice n > 1.
a) Studiati convergenta sirului (x,)>1 $i, in caz de convergenta, calculati limx,,.
n—oo
b) Demonstrati ca sirul (nx,),»1 € convergent si calculati lim nx,.
n—-oo
Solutie:
a) x;>0=>x, = % > 0, apoi prininductiex, >0, (V)n=>1 ..o, Ip
1
Monotonia: x,.,; — x, = = —x, = -1 <0 (V)n>1 1
. n+1 n — 1+nx$l n — 1|_nx$l ) i O R R R I I I I p
Cum (x, )1 este strict descrescator si marginit inferior, atunci este convergent. ......... Ip
Fie limx, =1, 1=0
n—>oo
Presupunem ca [ # 0, atunci trecem la limita in relatia de recurentd, se obtine [ = 0 absurd,
ECT Lim o, = 0. oo Ip

n—-oo



b) Fiey, =nx,n = 1.

2x
Avem yl = xl, yz = sz = L

14x2 —

Demonstram prin inductie ca y,, < 1, (V)n > 2.

. y Yn+1 § PN . y .
Diny, =nx, = x, = 7”, Xp41 = n”:f Inlocuind in relatia de recurenta se obtine:

= @O Atunciy,, — 1 =220 <y <1, (V)n > 2

Yn+1 = yi+n yi+n
. n+1 1-y3 , <
ApPOi yVpyp1 — Vp = (Zi — Yy = M >0, (V)n = 2,deci (y,)ns1 €Ste crescator.
Yntn yn+7’l -
Sirul este marginit superior si monoton crescator, deci este convergent. ................... 2p

Fie l = limy, € [0,00). Avemy, = —.  Aplicim Stoltz — Cesaro :
n—-oo a

lim 55 = lim ———=1. Decil=7=1=1 ... Ip

1 1 =
n—-oo

—— n—ooo 14nxp 1
Xn+1 Xn Xn Xn




