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OLIMPIADA NATIONALA DE MATEMATICA
Etapa local3 - SALAJ -11.02.2023

BAREM DE NOTARE

Clasa a Xl-a
Subiectul 1
01 2
Se considerd matricea A = |0 0 1]|si C(A) = {X e M,(R)|AX = XA}
0 0O
a b c
a) Ardtati cd X € C(A) dacd si numai daca existd a,b,ceR astfelincat X = |0 a b
0 0 a

b) Demonstrati ca pentru orice ne N, n>2, ecuatia X" = A nu are solutii.

Rezolvare:

m
a) Fie X =|q
t

Cc = =

p
S eC(A).
Y

0O m 2m+n
XA=|0 q 2q+r
0 t 2t+u

g+2t r+2u s+2v

AX = t u Vv 1p

0 0 0
+2t =0
d t=20
t=20

u=20
r+2u = m

q=0

AX = XA = U =q = .

m=r
S+2v = 2m+n

V=r
V= 20+r

n=s
2t+u =0
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m n p
= X={0 m n| 1p
0 0 m
a b c
Punemm =a, n=b, p=c¢c = 3JabceR astfelincit X =0 a b
0 0 a
0 1 2a b c 0 a b+2a
Invers: AX =0 0 1|0 a b|=]0 0 a
0 0 0J)lI0 0 a 00 0
a b c)yo 1 2 0 a 2a+b
XA=|0 a 0 0 1(=(00 a
0 0 a/l0O 0 O 00 0
= AX = XA 1p

b) Presupunem ci 3X € M, (R), neN, n>2 astfel incat
X"= A = det(X") = detA = (detX)" =0 = detX =0 1p

Avem X" = X"X = AX
XM= XX" = XA

a b c
= AX = XA = 3Fab,ceR astfelincait X =|0 a b 1p
0 0 a
0 b c
DardetX =a°=0 = a=0= X=|0 0 b| 1p
0 0O
0 0 b? 0 0 b’
Avem X ={0 0 O, X*=/0 0 0| = X"=0,, vn>3
0 0 O 00
= ecuatia X" = A nu are solutii. 1p
Subiectul 2
b3t a’c? a’b?
Aratati cd determinantul A = (b2 + he+c? a4+ ac+ e a® +ab 4+ b?| este divizibil prin
b+c a+c at+b

(ab + bc + ca)?® .
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Solutie:
b c? ci(a—b)(a+b) b *(a—c)la+c)
A=(C2—C1siC3—C1)= |2 +bec+c?* (a—b)la+b+c) (a—c)(latb+c)|...2 puncte
b+ec a—b n—c
bc? cXa+b) b at+c)
A=(a—b)a—c)|b> +be+e® (a+b+c) (a+b+e)|mm 1 punct
b+c 1 1
A=(C3—C2) =
bic? cX(a+b) (b—c)(ab+bc+ ca)
=(a—-b)la—c) b+ bc+c®* (a+b+c) 0 e 1 punct
b+c 1 0

b4+ be+c? atbtc

=(a—b)(a—c)(b—c)(ab +bc + ca) b+e 1

=—(a—b)(a—c)(b—c)(ab+ bc+ ca)(ab + bc + ca) =

=(a—b)(b—c)(c— a)(ab+ bc + ca)® , deci A divizibil cu (ab + bc +ca)? ...... 1 punct

Subiectul 3

ag+2

Fie (ay)p=1 un sir de numere reale definit prin: a; = V2 si apy4, = ——,¥n € N*,

a) Aratati ca sirul (a,),-1 este monotonsil = a, = 2,¥Vn € N",

b) Calculati: lim a,.
—co

Solutie:

- a%—3a,+2 an—1)(a,—2
a) Se calculeaza a,+1 — a, = — 3“ = (an }3{ LN UUUUUTU SRR Ip

Vom demonstra prin inductie matematica propozitia: P(n):1 < a, = 2,vVn € N”.
I. P(1):1 < a; < 2 adevirat

Il. Presupunem P(k): 1 = a; = 2,Vk € N" adevirata si demonstram ca
P(k+1):1< ayy; = 2,Vk € N” este adevirata.

2
1<_:a,,;£2|2=:-1£a§<_:4|+2=>3£a§+2£6|:3:-1£“kT“£2:-1gakﬂzzadevérat

e T 2p
® (an—1)(an-2) .

= q,€(1,2),ynEN" = — G T nt1 4y <0 Sy <a, = sirul este monoton

0 Lo o UYL Ip
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b)1 < a, < 2,vn € N* = sirul (a,),-, este marginit si monoton descrescator, deci este

convergent = 3 liT a, =1€[1,2]
xX—=+oo

2 2
ant2 1“+2
n e E o 3 lp

Trecand la limitd = lim a, = lim
Xx—+oo X—+co

=12—-31+2=0 =1€{1,2}, sirul fiind descrescator = [ = 1

Subiectul 4

Sa se calculeze:

. 1-cosx-cos2x
m 2

x—0 X2

Solutie:

. 1-cosx-cos2x . 1-c0s2X+C0S2X—C0S X-C0S2X
a) lim > = lim > = 1p
x—0 X x—0 X

. 1-cos2x . 1-cosx
= lim———+limcos 2X——— = 1p
X

x—0 X x—0

=12
25in? x 2sin

X
= im== "+ lim——2.

1 1 5
_ = 2 + _= - 1
x—>0 X x>0 X2 4 2 2 P

Observatie. Limita se poate calcula si folosind formula c0S X - C0S2X 1 {COS 3 +C0S (— zﬂ

_ 3 n
b) L, = Iingl COSX\/COSZX\/ZCOSC%X...\/COSHX.
X—> X

Iiml—Q/cos nX + {/cos nx — cos x~/cos 2x¥/cos3x ... Ycos nx

= 1
x—0 X2 p
. 1-%cosnx .. 1—cos x\/0032x\3/c053x...n;ycos(n—l)x
= lim=—————+lim¥/cosnx 5 = 1p
x—0 X x—0 X
. 1-cosnx
= Ilm —|—Ln71 =
x20 y2 (1+ Y/cosnx +~/cos? nx +...+cos" nx)
., NX
2sin® — i
= =—lim —+L , = —=+L_ 1p
N0 Nn2x2 4 n-1 n-1
4
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L =

L,+—=, Vn=2
2
+_
- 2
3
+_
- 2
n
L, +—
n-1 2
Prin insumare obtinem L, = L1+L2Jrn
- n(n+1
1 COSX _ 1 deci L= 1+2+43+...4n _ n( )
X 2 2 4
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