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Maramures — 18 februarie 2023
Clasa a XI - a

Barem de corectare si notare

1. Fie A,B € M,(R) si C = AB — BA, astfel incat det(C) = —4.
a) Aflati a € R astfel incat C2 = a - L.
b) Calculati det(—2I, + C) si det(l, — C?°22).

Solutie.

a) Tr(C)=Tr(A-B—B-A) = 0si det(C) = =4  wcoooeeecoeeeeeceeeeeeeeeeeeeeeee e 1p
din Cayley- Hamilton avem C? — Tr(C) - C +det(C) -, =0, > C?> =4 -1, > a=4....2p
b) det(2C — C?) = det(2C — 4 1,) = det(C) - det(2, — C) = det(2(C — 2 1))
= —4det(2l, — C) =4det(C—2 L) =>detQl; — C) =0 v 2p
det(l, — C2°%2) = det(l, — (41,)'°") = det (1 - 47°")1) = (41" = 1)". ... 2p

2. Fie matricele A, B € M, (R) astfel incat A> + B> = (2+V3)(4-B—B-A). Daci
det(A% + B2) # 0, demonstrati ci n se divide cu 12.

Solutie.
FieX,X € M,(C),X =A+Bi,X=A—Bi
XX = A% + B? + i(BA — AB) = det( XX) = det ((2+ V3= i)(A-B—B-4)) S.cccocce. 2p
1det(X)|2 = (24 V3 =) det(A-B =B A) oo 1p
cum |det(X)[2 € Rsidet(A-B—B-A) %02 (24V3=1) €R woeeeeeeeeresesesssereseccroen 2p
n T T\ T \" T T\
_. _ n __. - _ Zn - _

(2+V3-i) =2 (1+cos6 lsm6) =2 (coslz) (cos12 Lsmlz) ER

:sin%zO:nsedividecu L. ettt 2p

. . A A . 1 .
3. Fie (ap)ps1 un sir de numere reale astfel incat a; > 0si a1 = a, + — . pentruoricen eN,n > 1.
n

a) Aratatica lim a, = +oo.

n—oo

b) Demonstrati ci lim -~ = 1.

n—oo n

(Suplimentul G.M.10/2022)

Solutie.
a) a, > 0,Vn>1(inductic matematiCd) .o 1p
Api1 — A, =—>0,Vn=1= (a,),s; € strict crescator= exista lim a, = L€ R U {o0}....1p

an

Presupunem ca L € R. lim a,;1; = lim (an + i) = L=L+~= =0, contradictie= L = c..1p
n-oo n-oo a L L >

n

1
. an 2 a? ,21+1 a’ . (an+a) —aj
i lim () = A Jim = dim = tm 2 (24 ) = 1 3
> 02 HIM 2= = 1. o et 1p
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4. Consideram sirul (x,,) 51,

a) Aratati ca sirul (x,,),>; este monoton si marginit.
b) Calculati lim n? (e¥n+1 — e*n) stiind ca lim x, = In 2.
n—oo n—-oo

Solutie.
) Xpp1 — Xp = ! ! —L—;>0Vn>1:(x) e strict crescator
n+i n T on+1 | 2n+2 n+l (2n+1)(2n+2) ’ = n/nz1l
1 . 1 1 1 n
X1 =-=Sx,,Vn=2lsix,<—+—+ +—=">-<1LVn=21 ..,
2 ’ n+1 n+1 n+1 n+1
b)
: 2 (X x : 2 ,x Xn41—X ; 2 jxp EMH1TN—1
lim n? (e*n+1 — e*n) = lim n?e*n(e*n+17*n — 1) = lim n® e ———— - (X401 — Xp) ...
n—-oo n—oo n-—oo Xn+1—Xn

1

In2 1: 2 . 2
=e lim n“ - (x —x,)=2 limn*————=2-
n—oo ( n+1 n) n—oo (2n+1)(2n+2) 4



