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A 73-a olimpiada Nationala de Matematica
Etapa zonala, 11 februarie 2023 - Clasa a XI-a - Solutii si bareme

Problema 1. Demonstrati ca determinantul

b2c? c2a? a?b?
A=12+bc+c? A+ca+a® a®+ ab+ b?
b+c c+a a+b

este divizibil cu (ab+ be + ca)? pentru orice a, b, ¢ € Z.

Solutie
b2c? a2 a’b?
A: b2+bC+C2 C2+Ca_|_a2 a2+ab+b2 (_1)él+c2
b+c c+a a+b (=1)-c1+tes
b2 2 (a—b) (a_|_b) b2 (CL—C) (CL—I—C)
= b2+bc+62 (a—b)(a+b)+c(a—b) (a_c)(a+c)+b(a_c) —
b+C a_b a—c

b2c? la+b) b (a+c)
=(a=b)(a—c)- [P*+bc+c* a+b+c a+c+b =

b+ e 1 1| (eates
b2c? Ala+b) b*(a+c)—c*(a+b)
=(a—b)(a—c)- B> +bc+c* a+b+ec 0 =
b+c 1 0

V+bc+c? at+b+c|

=(@=b) =) (ate)—c(a+b)]- | 7 1

=(a—0b)(a—c)[P*(a+c)—c*(a+b)] [b*+bc+c*—(a+b+c)(b+c)] =
= (a—1b)(c—a)(ab+bc+ ca) [b* (a+c) = (a+Db)] =

= (a —b) (c — a) (ab + be + ca) [ab* + b%c — ac® — bc* + abe — abe| =
=(a—0b)(b—c)(c—a)(ab+bc+ ca)?.



Problema 2.
Fie A, B € M3 (R). Demonstrati ca

a) egalitatea AB — BA = I5 nu se poate indeplini;

b) dacit (AB — BA)?™? = [, atunci (AB — BA)? = I.

Solutie
(a) Daca (AB — BA) si I ar fi egali, atunci Tr (AB — BA) = Trla. ooooiiiii i 2p
Dar Tr (AB — BA) =Tr (AB)—Tr (BA) = 0si Trly = 2, deci egalitatea AB — BA = I nu se poate indeplini.
2p
. o a b . Ty
Solutie alternativa: Fie A = . d) € M;(R) si B = . )€ M, (R).

AB:(G b)(x y)z(ax—i-bz bt+ay>
c d z t cx+dz dt+cy
a b\ (ar+cy br+dy
. (c d> B (ct—i—az dt+bz)
bz —cy bt + ay — bx — dy
cx —az—ct+dz cy — bz )

Daca (AB — BA) si Iy ar fi egali, atunci

{ bz—cy=1 = 1 = —1, contradictie.
cYy — bz=1 7

(b) Fie X = AB — BA. Cum TrX =Tr (AB — BA) = 0, conform teoremei lui Cayley-Hamilton:
X?—TrX X +detX I =0y =
= X?’=—detX I, =
— X222 = (x2)""" = (—det X)'" - .



Problema 3. Calculati

Solutie
k:1k4+4 k:1k4+4k2+4—4k2 k:l<k2+2)2_4k2 = (k* = 2k +2) (k* + 2k +2)
................................................................................................................ 1p
k _ Ak+B L _Ck+D
(k2 —2k+2) (k2 +2k+2) k2—-2k+2 Kk2+2k+2
............................................................................................................ 1p
_(A+C)/I<:3+(2A+B—20+D)l<:2+(2A+2B+2C—2D)k+(2B+2D):>
N (k2 — 2k + 2) (k2 + 2k + 2)
A=0
A+C=0 1
2A+B-20+D=0 __ | B=3
2A+2B+2C —-2D =1 C=0
2B + 2D =0 p__1
4
1 1
(k2 =2k +2) (k2 +2k+2) Kk2—2k+2 k2+2k+2
s
4\(k—1)2+1 (k+1)%*+41
................................................................................................................ 2p
z”: k _”1( 1 1 >_
k4 A (k-1 +1 (k+1)°+1
RN SN SRS SN SRS SN SR SU B
C4\0?4+1 241 1241 P41 241 241 7 (n-1)24+1 (4+1)?+1/)
_1(1+111)_311
4 \0P+1 1241 241 (n+1)+1) 8 4An?+4 4(n+1)°+4
................................................................................................................ 2p
3 « k 3 3 1 1
1’ 2 — :1' 2 — fr
oo ! (8 ];k:4+4> oo (8 8+4n2+4+4(n+1)2+4)
n—oodn? +4  4(n4+1)2 +4
_L 11
4 4 2
............................................................................................................... 1p



Problema 4.
Se considera sirul (z,,),,~, definit prin z; € (0,1) si

Tl =20 — 22 +1,Vn € N*,

(a) Studiati convergenta sirului (z,),~; si in caz de convergenta calculati limita acestuia.

(b) Calculati

li "
A (2n)
Solutie
(a) Din 21 > 0 rezulta ca xg = 23 — 22 + 1 = 2% (v — 1) + 1 € (0,1) si prin inductie matematica aratam, ca daca
Ty, > 0, atunci o411 = 20 — 22 +1 =22 (v, — 1) + 1 € (0, 1), deci sirul este marginit. .................... 1p
Cum

Tpil —Tp =25 —a2 +1—a, =22 (v, — 1) — (x, — 1) =

= (zy— 1) (22 —1) = (zn, — 1)* (xp + 1) > 0, Vn € N*

n
rezulta ca sirul este strict crescator........ ... .. . 1p
Din teorema lui Weierstrass rezulta ca sirul (z,,),,~, este convergent, deci exista
Hm @, = 1€ [0, L] o 1p
n—o0

Trecand la limita in formula de recurenta, obtinem
3 2 2 2 1€[0,1]
=P -F+l1elF(l-1)-(l-1)=0& < (-1)"(1+1)=0 =1

deci 1My = Lo e 1p
n—oo

. 1% : . _
lim (z,)" = lim "% = lim e Tn—1 =
n—o0 n—oo n—oo

In x,,
lim (n(xnl) 1)
n— oo "En J— .

Din lim x, =1, rezulta ca

n—oo 1
nx

lim ——" = 1.

n—oo Ly — 1
.......................................................................................................... 1p
Totodata n

limn-(x, —1) = lim
n—oo n—oo ].
Ty — 1
. 1 . . C . .
Cum sirul 1 este strict monoton si nemarginit, aplicam teorema lui Cesaro-Stolz:
In =1/ n>1



1-— -1 1 3 —22) (2, — 1
lim T = lim 1n—|— n T =1 (i1 ) (n ) = lim ( n ;)( ;L )
n—00 n—o0 _ n—00 Ty — Tptl n—00 I, — (aj‘n — Ty + 1)
Tp—1 ZL’n+1—1 Ty — 1
~ i (IL‘?L — IL‘%) (xn —1 B z2 (2 — 1)2 B x2 1
n—00 Ly, — (x% — x% + 1) n—00 _ (l'n + 1) (fl‘n _ 1)2 n—o0 — (ﬂjn + 1) 2
.......................................................................................................... 1p
Deci
|
lim <n (zn—1) 2 ) _1 1
lim (z,)" =e"~ Tn =) e 2 = 1p
n—o00 e



