Barem clasa a Xl-a

(OLM 2023-etapa locald)
Problema 1. (7 puncte)

ab a+b c?
Aplicand proprietatile determinantilor, avem A= [b(c —a) €= Q% = C?|Z coioooeeeeeeeeeeeeeeeeeeeeeeeeeee, (1p)
a(c=b) c—b b*-—c?
ab a+b c? ab a+b c?
=(c—a)(c—b)|b 1 —(a+c)=(C—-a)lc—=Db)| b 1 —(@4+ )= (2p)
a 1 —(b+c) a—b>b 0 a—b
ab a+b c?
=(c—a)(c—b)(a—b)|b 1 —(a+o)|=(a—c)(c—Db)(a—Db)(@a*+b*+c*+ab+ ac+ bc).......... (2p)
1 0 1
A=0<a=bhsaub = csauc = a, adicd triunghiul ABC eSte iSOSCE. ....ecvverrerieiriereiieseeieesee e ee e sre e (2p)
Problema Il. (7 puncte)
a) Se verifica prin calcul direct sau cu ecuatia lui Cayley- Hamilton. ..........ccccciiiiiiiiiieiiee (2p)
b) Se dem. prin inductie matematica P(n): A" — B" = %(5" —-3"(4-B)
I. Etapa de verificare : A — B! = %(51 0 [0 - ) TR (2p)

Il. Etapa de demonstratie :presupunem P (k)adeviratd pentru orice k < n si vom ardta cd P(n + 1)este adevarata
Stim cd A2 = 84 — 15I,, de unde prin inmultire cu A" %, obtinem A™*1 = 84™ — 154™ ! si analog

B = BB™ — 15B™ L. oottt (1p)
Se efectueazd calculele A™*! — B**1 = 8(4™ — B™) — 154" ! — B"*1) =
8-2(5" —3M)(A—B) =152 (5" = 3" (A — B)=5 (5" = 3" )(A— B) ..o 2p)
Problema I11. (7 puncte)
In mod evident sirul este strict CresCAtor §i MArINit INFEIIOr.............c.ovveeveereereieseseesese e eesee e (1p)
Avem: 1 _ 1 _ k+1-k _
Kk +1)% k(k+1f9Y(k+2) Kk +2)d(k +1)*
= ! - 1 < ! - 1 deoarece
Kk +1)  (k+19(k+2)  kKYk+D)<  (k+1pg(k +2)
1 1 K2+2k41 K242k .
> < (k + 2) > (k + 1) evident adevarata...........ccceoeverereenernseenenns (3p)
(k+1}9(k+2)  (k+1F(k +2)
Tn inegalitatea: ! < ! — 1 dam valori luik delallan
Kk +*  kf(k+f (k+2)(k 2t

1 1

T2 peyqne
Problema IV. (7 puncte)

Din dezvoltarea binomiald avem relatiile:

deci a, < 7 si prin urmare sirul este marginit si superior, deci este convergent .....(3p)

(44 +v2023)" = ay + by V7 i (44 = V2023)" = @y — By * V7 oo, (2p)

Din suma celor doui relatii avem a,, = (44+72023) ;F(M_ 2023) sib, = (444 2023)2\7;44_ 2023) (2p)
(44+2023)" | 14+ ( L2023 n]

lim % = lim EER5) | 2r N 3p)

n
n-obn  noow (44+ 2023)n'[1_(::\/\/g> ] i



