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OLIMPIADA DE MATEMATICA
ETAPA LOCALA - CLASA A XI-A

SOLUTII SI BAREM ORIENTATIV

SUBIECTUL 1

Solutie. det(X®) =17-16 =1=(det X)* = det X =1, ................ 1p

Aplicam teorema lui Cayley-Hamilton

X% =(TrX)X —(det X)I, = X% =(TrX)X?* =X = Tr(X®) = (TrX)(TrX?) =Tr(X), ccoecvererneen. 1p

18 = (TrX)-((TrX)* —2det X)-TrX, TrX =t, t*-3t-18=0, t> —3t* +3t* -9t + 6t —18 =0,
t?(t—3) +3t(t—3)+6(t—3) =0, (t—3)(t* +3t+6) =0. Daca t* +3t+6=0=A=9-24=-15<0,

ecuatia nu are solutii reale,fals.Daca t—3=0=t=3, ............ 2p
11
2 3 2 1.3 2 2
X*=3X =1, = X* =3X? =X =9X =31, =X =8X =3I, = X = -(X*+3l,)=| T [,
2 2
............ 3p.
SUBIECTUL 2
Solutie:
Solutie. kK* +4=(k*+2)* —(2k)* = (k* + 2k + 2)(k* =2k +2) =[(K +1)* +1]-[(k =D)* +1], ..cvrv..... 1p
3k?+10k +6  4(k®+2k +2)—(k* -2k +2) 1 ~ 1 5
2°(k*+4)  2°(KP+2k+2)(k2—2k+2) 2[(k-1)?+1] 2X[(k+1)%+1 T P
Z”:3k2+10k+6: 1 1 N 1 1 N 1 1 .
S 2kt +4) 22241 2(4%+1) 22(3P+1) 2(RP+1) 2°%(4%+1) 2°(6°+1)
1 1 1 1 1 1
T 2 T o2 2 T o 2 T oni/n2 T o2 2 T on 2
2" [(n=3)*+1] 2" [(n-D°+1] 2"°[(n-2)"+1] 2" (n*+1) 2" [(n-1)°+1] 2"[(n+1)"+1]
0, 3k?+10k+6 1 1 1 1

= + - _ ,
~ kP44 2(2%+1) 2%(3%+D) 2"'(n?+1) 2"[(n+1)2+1]
Z”:3k2+10k+6_ 1 1 1

= = 2
&~ 2%k*+4) 10 40 8 P

nN—oo
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SUBIECTUL 3
Solutie.Demonstrim prin inductie matematici propozitia P(n):a, >0,(¥)ne N". P(1):a, >0,
adevarat.Presupunem ca P(k) adevarat si demonstram ca P(k +1) adevarat.

28} +9

Pk+1):a., = > 0,adevirat,deci P(n):a, >0,(V)neN . ........ 1p
ak
9 . L : 3 o :
a,,—a,=—>0,(V)ne N rezulta ca sirul a, este strict crescator,deci strict monoton si are
n
limita la infinit. ............ Ip.Dacéd lima, =a e R, trecand la limita in relatia de recurenta obtinem,
n—w
9 .9 -
a=a+—,rezultd— =0, fals,deoarece 9 =0, rezulta lima, =oo............. 1p
2a 2a N>
o . a, . . :
Aplicam criteriul lui Cesaro-Stolz, | =lim > 0, sirul de termeni pozitivin/n +9 este strict
>+ /n+9
crescator si nemarginit superior.
2 2 2

. a . a,,—a . .9 9 . 81
I =lim——=lim—2 " =lim(a,,,—-a,)(a,,+a,) =lim—2a, +—) =limOQ+-—) =9,

e N+9 1w n+10-n—9 now T TR e 0g T 29 T noet 4Q2

. a

............ 2p. 17 =9 rezultil e{-3,3},darl >Orezultd | = lim—==3. ............2p.

e n+9

SUBIECTUL 4
A*=B=B"=1,(1p)= B®=B(1p)
l,=B°~B+1,(1p)=B*(B°—1,)+B°~B+1,=B%(B*~1,)(B%+1,)+(B*~B+1,)(1p) =
:BZ(B3—In)(B+In)(BZ—B+In)+(BZ—B+In)(lp):(Bz—B+In)[(BS—Bz)(B+In)+In}:
=(B®-B+1,)(B®+B°~B*~B%+1,)(1p) = B>~ B+, este inversabild rezulta A*—A’+1,
este inversabila; inversa este matricea A+ A" —A°—A*+1 . (1p)

: : 2r . . 2 : .
Observatie: Matricea A= 1, (Cos7ﬂ+lsm 7”) verifica A = I, si A=l,.
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