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clasa a XII-a

Solut, ii

1. Definim pe R legea de compozit,ie ∗ prin

x ∗ y = 3xy − 3x− 3y + 4, ∀x, y ∈ R.

a) Arătat,i că legea de compozit,ie ∗ este comutativă, asociativă s, i admite element neutru.

b) Să se calculeze (−2017) ∗ (−2016) ∗ · · · ∗ 2016 ∗ 2017.

c) Calculat,i x ∗ x ∗ x ∗ · · · ∗ x︸ ︷︷ ︸
n elemente

.

***

Solut,ie:

a) x ∗ y = 3(x− 1)(y − 1) + 1

e =
4

3
.

b) x ∗ 1 = 1, ∀x ∈ R⇒ 1 este element absorbant ⇒
⇒ (−2017) ∗ (−2016) ∗ · · · ∗ (2017) = 1.

c) x ∗ x ∗ · · · ∗ x = 3n−1(x− 1)n + 1, ∀n ∈ N, n ≥ 2.

2. Fie (G, ·) un grup. Arătat,i că funcţia

f : G→ G, f(x) = x−1, ∀x ∈ G,

este un automorfism al grupului (G, ·) dacă şi numai dacă grupul (G, ·) este abelian.

***

Solut,ie:

Fie e elementul neutru al grupului.

Presupunem că f e automorfism al grupului G. Atunci:
f(xy) = f(x) · f(y), ∀x, y ∈ G.
f(xy) = (xy)−1 iar
f(x) · f(y) = x−1y−1 ⇒
⇒ (xy)−1 = x−1y−1, ∀x, y ∈ G⇒
y−1x−1 = x−1y−1 |x⇒ y−1 = x−1y−1x |y ⇒
⇒ e = x−1y−1xy ⇒ x = y−1xy ⇒ yx = xy.

3. Calculat,i:
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a)

∫
x2 + 1

x
√
x4 + 1

dx, x > 0.

b)

∫
1

(2 + cosx)(3 + cosx)
dx, x ∈ (0, π).

***

Solut,ie:

a)

∫
x2 + 1

x
√
x4 + 1

dx =

∫
1√

x2 +
1

x2

(
1 +

1

x2

)
dx =

=

∫
1√(

x− 1

x

)2

+ 2

·
(

1− 1

x

)
′dx

x−
1

x
=t
∫

1√
t2 + 2

dt =

= ln
(
t+
√
t2 + 2

)
+ C =

= ln

(
x− 1

x
+

√
x2 +

1

x2

)
+ C.

b) tan
x

2
= t⇒

⇒
∫

t2 + 1

(t2 + 2)(t2 + 3)
dt =

=

∫
2(t2 + 2)− (t2 + 3)

(t2 + 3)(t2 + 2)
dt =

= 2

∫
1

t2 + 3
dt−

∫
1

t2 + 2
dt =

=
2√
3

arctan
t√
3
− 1√

2
arctan

t√
2

+ C =

=
2√
3

arctan
tan

x

2√
3
− 1√

2
arctan

tan
x

2√
2

+ C.

4. Fie f : R → (0,∞) o funct,ie care admite primitive. Să se arate că funct,ia g : R → (0,∞)
definită prin

g(x) =

{
f(x) , x < 0

2f(x) , x ≥ 0

nu are primitive.

G.M.

Solut,ie:

Presupunem că g are primitive. Cum f nu se anulează s, i are primitive, rezultă că
g

f
are

proprietatea lui Darboux. (Teorema Jarnik)

Dar
g

f
(x) =

{
1, x < 0

2, x ≥ 0
, deci

g

f
nu are proprietatea lui Darboux, absurd.
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Barem de corectare

1. a) x ∗ y = 3(x− 1)(y − 1) + 1

.............2p

e =
4

3
.

.............1p

b) x ∗ 1 = 1, ∀x ∈ R⇒ 1 este element absorbant

.............1p

⇒ (−2017) ∗ (−2016) ∗ · · · ∗ (2017) = 1.

.............1p

c) x ∗ x ∗ · · · ∗ x = 3n−1(x− 1)n + 1, ∀n ∈ N, n ≥ 2.

.............1p

Demonstrarea formulei prin induct, ie

.............1p

2. Fie e elementul neutru al grupului.

Presupunem că f e automorfism al grupului G. Atunci:
f(xy) = f(x) · f(y), ∀x, y ∈ G.

.............1p

f(xy) = (xy)−1

.............1p

f(x) · f(y) = x−1y−1 ⇒

.............1p

⇒ (xy)−1 = x−1y−1, ∀x, y ∈ G⇒

.............1p

y−1x−1 = x−1y−1 |x⇒ y−1 = x−1y−1x |y ⇒

.............1p

⇒ e = x−1y−1xy ⇒ x = y−1xy ⇒ yx = xy.

.............2p

3. a)

∫
x2 + 1

x
√
x4 + 1

dx =

∫
1√

x2 +
1

x2

(
1 +

1

x2

)
dx =

.............1p
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=

∫
1√(

x− 1

x

)2

+ 2

·
(

1− 1

x

)
′dx

.............1p

x−
1

x
=t
∫

1√
t2 + 2

dt =

= ln
(
t+
√
t2 + 2

)
+ C =

.............1p

= ln

(
x− 1

x
+

√
x2 +

1

x2

)
+ C.

.............1p

b) tan
x

2
= t⇒

⇒
∫

t2 + 1

(t2 + 2)(t2 + 3)
dt =

.............1p

=

∫
2(t2 + 2)− (t2 + 3)

(t2 + 3)(t2 + 2)
dt = 2

∫
1

t2 + 3
dt−

∫
1

t2 + 2
dt =

.............1p

=
2√
3

arctan
t√
3
− 1√

2
arctan

t√
2

+ C =
2√
3

arctan
tan

x

2√
3
− 1√

2
arctan

tan
x

2√
2

+ C.

.............1p

4. Presupunem că g are primitive. Cum f nu se anulează s, i are primitive, rezultă că
g

f
are

proprietatea lui Darboux. (Teorema Jarnik)

.............3p

Dar
g

f
(x) =

{
1, x < 0

2, x ≥ 0
,

.............3p

deci
g

f
nu are proprietatea lui Darboux, absurd.

.............1p


