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clasa a XI-a

Solut, ii:

1. a) Fie A(x) =

 1 1 1
2 3 x
4 9 x2

 , x ∈ R.

i) Calculat, i det (A(x)) ;

ii) Aflat, i x astfel ca det (A(x)) = 182;

iii) Determinat, i X ∈M3,1 (R) astfel ı̂ncât A(4) ·X =

 1
0
1

 .

Solut,ie:

i) det (A(x)) = x2 − 5x + 6

ii) (x− 2)(x− 3) = 182⇒ x1 = 16, x2 = −11.

iii) A−1(4) =


6 −7

2

1

2
−8 6 −1

3 −5

2

1

2

⇒ X =


13

2
−9
7

2

 .

b) Fie A =

 1 2 0
−2 −3 1
1 0 2

 . Arătat, i că XA = AX ⇔ XA3 = A3X, unde X ∈M3 (C) .

Solut,ie:

”⇒ ”
Dacă XA = AX ⇒ A3X = A2 ·AX = A2 ·XA = A ·AX ·A = AXA2 = XA ·A2 = XA3.

”⇐ ”
Prin calcul direct sau folosind ecuat, ia caracteristică avem:

A =
1

3
A3 − 4

3
I3.

AX =

(
1

3
A3 − 4

3
I3

)
X =

1

3
A3X − 4

3
X =

1

3
XA3 − 4

3
X = X

(
1

3
A3 − 4

3
I3

)
= XA

2. a) An =

 an + 1

2

an − 1

2
an − 1

2

an + 1

2

 , n ∈ N∗ - induct, ie matematică

b) Avem det(A) = a⇒ det(Ak) = ak ⇒
n∑

k=1

det(Ak) =
n∑

k=1

ak = S.

Pe de altă parte:
n∑

k=1

Ak =


n∑

k=1

ak + 1

2

n∑
k=1

ak − 1

2
n∑

k=1

ak − 1

2

n∑
k=1

ak + 1

2

 =

 S + n

2

S − n

2
S − n

2

S + n

2

 .



Atunci det

(
n∑

k=1

Ak

)
= nS.

Avem de calculat: lim
n→∞

S

nS
= 0.

3. a) Calculat, i lim
n→∞

an, unde an = n ·
(√

ln
ne

n + 1
− 1

)
.

Solut,ie: an =

(
1 + ln

ne

ne + e

)1

2 − 1

ln
ne

ne + e

·
ln

(
1− e

ne + e

)
− e

ne + e

· −ne
ne + e

.

Folosind limitele remarcabile:

lim
n→∞

(1 + an)r − 1

an
= r, pentru lim

n→∞
an = 0

s, i

lim
n→∞

ln(1 + an)

an
= 1, pentru lim

n→∞
an = 0

deducem că lim
n→∞

= −1

2

b) Fie (an)n≥1 un s, ir strict crescător s, i an > 0, ∀n ∈ N∗, iar lim
n→∞

(2n + 1)(an+1 − an) = 2.

Calculat, i lim
n→∞

an.

Solut,ie:

Din ipoteză avem lim
n→∞

2n + 1

n + 1
· an+1 − an

1

n + 1

 = 2⇒ lim
n→∞

an+1 − an
1

n + 1

 = 1

Fie Hn = 1 +
1

2
+ · · ·+ 1

n
s, irul armonic cu lim

n→∞
Hn =∞.

Deducem că lim
n→∞

an+1 − an
Hn+1 −Hn

= 1.

Din Teorema Stolz-Cesaro rezultă: lim
n→∞

an
Hn

= 1, deci lim
n→∞

an =∞

4. Din modul de definire xn > 0, ∀n ≥ 1
Cum 1 + x1 + x2 + · · ·+ xn−1 = lnxn
1 + x1 + x2 + · · ·+ xn = lnxn+1

⇒ xn = lnxn+1 − lnxn ⇒ xn = ln
xn+1

xn
⇒ xn+1

xn
= exn > 1⇒ (xn) e strict crescător.

Dacă (xn)n≥1 mărginit, atunci (xn)n≥1 convergent s, i lim
n→∞

xn = e, e > 0.

Trecând la limită ı̂n relat, ia
xn+1

xn
= exn obt, inem 1 = ee contradict, ie, deci (xn)n≥1 crescător s, i

nemărginit, deci lim
n→∞

xn =∞.

(
xn+1

xn

) 1

xn = (e)

1

xn = e

⇒ lim
n→∞

(
xn+1

xn

) 1

xn = e.
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nemărginit, deci lim
n→∞

xn =∞.

.................................1p

(
xn+1

xn

) 1

xn = (e)

1

xn = e

.................................1p

⇒ lim
n→∞

(
xn+1

xn

) 1

xn = e.

.................................1p


