Inspectoratul Scolar Judetean Timig Societatea de Stiinte Matematice din Romaénia

Olimpiada Nationald de Matematica
Etapa locala, judetul Timis, 24.11.2017
clasa a XI-a

Solutii:
11 1
l.a) Fie Alx)=| 2 3 =z |,zeR
49 22
i) Calculati det (A(z));

ii) Aflati x astfel ca det (A(z)) = 182;

1
iii) Determinati X € M3 (R) astfel incat A(4)- X = | 0
1
Solutie:
i) det (A(z)) =22 —52+6
i) (z —2)(z —3) =182 = z; = 16, 22 = —11.
6 7 1 13
2 2 2
i) A 14) = -8 6 —1 |=X=| -9
g o1 7
2 2 2
1 2 0
b) Fie A= —2 -3 1 |.Aratatici XA=AX & XA3 = A3X, unde X € M3(C).
1 0 2
Solutie:
” :> 2
Dacd XA=AX = A3X = A2 AX =A% . XA=A -AX A= AXA*=XA A? =X A3
” <: 2
Prin calcul direct sau folosind ecuatia caracteristica avem:
1 4
A= A% - I3
’ 1 X 4 1 4 1 4 1 4
AX = (A -S| X =-AX - X =_XA - X=X (-A-_-I3]=XA
3 3 3 3 3 3 3 3
a"+1 a"—1
2. a) A" = an2_ 1 a”Q—i— 1 | » n € N* - inductie matematica
2 2
n n
b) Avem det(A) = a = det(A*) = " = Zdet(Ak) = Zak =S.
k=1 k=1
no_k nok
a®+1 a®—1
S S —
< ~ ik ; 2 ;1 2 ‘2"” 2 -
Pedealtaparte:ZA = o o = SZn Sin

h=t Za2 Za2 2 2



Atunci det (Z Ak> =nsS.

k=1

Avem de calculat: lim — = 0.
n—oo N,

3. a) Calculati lim a,, unde a,, =n - ( In S 1> .
n—oo

n+1
1
<1+ln ne )2 1 1n<1— ¢ )
) ne +e ne +e —ne
Solutie: a, = e : c : :
In _ ne + e
ne+e ne +e
Folosirid limitrele iemarcabile:
lim % =r, pentru lim a, =0
n—o00 anp, n—o00
si
In(1
lim m =1, pentru lim a, =0
n—00 A, n—00
1
deducem ca lim = —=
n—+00 2

b) Fie (ay),~; un sir strict crescator si a, > 0, Vn € N* iar lim (2n + 1)(ant1 — an) = 2.

n—o0
Calculati lim ay,.
n—oo
Solutie:
2 1 — —
Din ipoteza avem lim nE L el ZOn 2= lim Gnil 7 Gn ) _ 4
n—oo | n+1 1 n—00 1
] n+1 n+1
Fie H, =1+ — + --- + — sirul armonic cu lim H, = co.
2 n n—o00
Up+1 — anp

Deducem ca lim 1.

n—00 [Ip41 — Hn

. o . Gnp F—
Din Teorema Stolz-Cesaro rezulta: lim — =1, deci lim a, = oo
n—oo n n—oo

. Din modul de definire z,, > 0, Vn > 1
Cuml+zi+294+ -+ xp-1=Inzx,
l+zi+220+ - +z, =lnz,

=zp=lnzpy —lnx, =z, =In

Tn+1 Tn+1 . v
nrL o L etn > 1 = () e strict crescitor.

Tn Tn
Daca (x,)n>1 marginit, atunci (z,,),>1 convergent si lim z, =e, e > 0.
- - n—oo
A~ VRIS . Tn+1 . . . . o .
Trecand la limita in relatia = e" obtinem 1 = e° contradictie, deci (zy),>1 crescator si
T =

nemarginit, deci lim z, = co.
n—oo

1 1
<*’”"+1> Tn _ () Tn = ¢

Tn

) x T,
= lim ( n+1>x” =e.

n—00 Tn



Barem de corectare

1. a)

b)

2. a)

i) det (A(z)) =22 —52+6

................................. 1p
i) (x—2)(x —3) =182 = z1 =16, x9 = —11.
................................. 1p
7 1
6 _ —_
2 2
i) A 14) = -8 6 -1
5 1
3 — —_
2 2
................................. 1p
13
2
X=1 -9
’
2
................................. 1p
” :> 2
Dacd XA=AX = A3X = A? AX =A% XA=A AX -A=AXA?=XA A?= XA
................................. 1p
7 <: 2
Prin calcul direct sau folosind ecuatia caracteristica avem:
1 4
A= A3 - I3
35 37
................................. 1p
1 4 1 4 1 4 1 4
AX = (A3 - L) X=-A3X - _X=_XA- _X=X(-4-_-1)=XA
3 3 3 3 3 3 3 3
..... 1p
a*+1 a" -1
A" = an2_ 1 a"z—i— 1 |- n €N - inductie matematica
2 2
Verificare P(1)
................................. 1p
P(k) — P(k+ 1) si finalizare
................................. 2p
n n
Avem det(A) = a = det(A¥) = a* = Zdet(Ak) = Zak =5
k=1 k=1
................................. 1p
n n
a®+1 ab —1
Pedealtaparte:ZA = Eak—l ﬁak%—l = SZn Sin
= D5 X > 2
k=1 k=1



Atunci det (Z Ak> =nsS.

k=1
Avem de calculat: lim — = 0.
n—oo n
1
(1—|—ln ne >2 1 1n<1— ¢ )
3 a)a _ ne +e . ne+e . _—ne
' " In - __ ¢ ne+e’
ne +e ne +e
Folosirid limitrele {emarcabile:
lim % =r, pentru lim a, =0
n—o00 anp, n—o00
si
In(1

lim m =1, pentru lim a, =0
n—o00 Qnp, n—o00

A 1
deducem ca lim = ——

n—oo
2 1 — —
b) lim |l O Ol g gy |l T O
n—oo | n+1 1 n—00 1
n—+1 n—+1

1
Fie H, =14 - 4+ .- 4+ — sirul armonic cu lim H, = oco.
2 n n—o00

o 1. Ap41 — Qn
Deducem ca lim —————

=1.
n—00 [dp41 — Hn

. o . Gn F—
Din Teorema Stolz-Cesaro rezulta: lim — =1, deci lim a, = oo
n—oo n n—o0

4. Din modul de definire z,, > 0, Vn > 1

Ciml4+zi4+a0+ - +24-1=Inz,
l+xy+x2+ -+ oy =InzHm

Tn+1 Tnt+1
=xp,=lnzyy —lnx, =z, =In ntl o ondl

Tn Tn

=e" > 1= (x,) e strict crescator.



A VDN . Tntl
Trecand la limita in relatia Uas

= e”" obtinem 1 = e® contradictie, deci (zy)n>1 crescitor si

Tn
nemarginit, deci lim z, = oco.
n—oo
................................. 1p
1 1
Intl |\ zy (e)a —e
Tn
................................. 1p
1
= lim (an) In — ¢
n—o00 Ty



