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Solutii

1. Definim pe R legea de compozitie x prin
zxy=3zy —3x—3y+4, Vz,yeR.

a) Aratati ca legea de compozitie x este comutativa, asociativa si admite element neutru.
b) Sa se calculeze (—2017) % (—2016) * - - - x 2016 * 2017.

¢) Calculati g x x x x * - * 1.

n elemente

*okk
Solutie:
a) xxy=3(x—1)(y—1)+1
4
e=—.
3
b) zx1=1, Vx € R =1 este element absorbant =
= (=2017) % (—2016) * - - - * (2017) = 1.
c) xkxx---xkx=3"Yx-1)"+1,VneN, n>2
2. Fie (G,-) un grup. Aratati ca functia
f:G—=G, f(zx)=z"1 Vzega,
este un automorfism al grupului (G,-) daca si numai daca grupul (G,-) este abelian.
*okk

Solutie:
Fie e elementul neutru al grupului.

Presupunem cé f e automorfism al grupului G. Atunci:
flay) = f(z)- fy), Yo,y € G.

f(zy) = (zy)~! iar

fl@)-fly)=2"ly ' =

= (zy) t=zly L V2,y e G =

y_ll‘_l — x—ly—l m = y—l — x_ly_laj |y =

se=aly oy =2 =y lay = yxr = oy.

3. Calculati:



a)/ x—i—l x>0
vt + '

1
) / (2 + cosx)(3 + cosx) d

x € (0,m).
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Solutie:
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vt + o 1 x?
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b) tang:tj
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dt =
:>/(t2+2 (t2+3)
/2t2+2) (t2+3)dt—
(t2+3)(t2+2) N

2 [ gt [ gt
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2 " t 1 . t .
= arctan — arctan — =
V3 f V2 V2o
= — arctan 2 — —— arctan 2 +C.

V3 V3 V2 V2

4. Fie f : R — (0,00) o functie care admite primitive. Sa se arate cd functia g : R — (0,00)
definita prin
flx) ,x<0
g(x) = )
2f(z) ,x>0

nu are primaitive.
G.M.
Solutie:

o ey . . e e . v 9
Presupunem ca g are primitive. Cum f nu se anuleaza si are primitive, rezultd ca = are

proprietatea lui Darboux. (Teorema Jarnik)

1, z<0 . . .
Dar g(:1:) = v , deci g nu are proprietatea lui Darboux, absurd.
f 2, x>0 /



Barem de corectare

l.a) zxy=3x—-1)(y—1)+1

b) zx1=1, Vr € R =1 este element absorbant

= (—2017) % (—2016) * - - - % (2017) = 1.

c) xxx*--xx=3"Yz—-1)"+1,VneN, n>2.

Demonstrarea formulei prin inductie

. Fie e elementul neutru al grupului.

Presupunem ca f e automorfism al grupului G. Atunci:

flzy) = f(x) - fy), Va,y € G.

flzy) = (zy)™!

f@) fly) =2ty =

= (zy) t=zly V2,y € G =

y Tt =aTly  r sy =Ty T ey =
= €= x_ly_lxy =T = y_lzcy = Yyr =Ty.
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3. a) =

1 1
e[ (1 D)
vVt +1 o, 1 x
x +?



............. 1p
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............. 1p
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—ln<x——|— x2+2> +C
x x
............. 1p
b) tang =t=
t2+1
= dt =
/ (t2+2)(t* +3)
............. 1p
2(t2 +2) — (2 +3) 1 1
/ (t2+3)(t2+2) /t2+3 /t2+2
............. 1p
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2 t t L t t +C t tan§ ! t tan§+c
= — arctan — — —= arctan — = —— arctan —== — — arctan .
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............. 1p
4. Presupunem ca g are primitive. Cum f nu se anuleazd si are primitive, rezulta ca ? are
proprietatea lui Darboux. (Teorema Jarnik)
............. 3p
1,z <0
Dar g(a:) = v
f 2, >0
............. 3p

deci g nu are proprietatea lui Darboux, absurd.
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