Barem clasa a 1 X-a
(OLM 2018-etapa locala)

Problema I. (7 puncte)

Aplicand inegalitatea lui Cauchy-Buniakowski-Schwartz, avem

(a? +bc)(1+bj>(a 1++J/be - \/7] a +bc)(1+%j2(a+b)2 .......................................................................... (2p)

2
(b2+ac)(1+ j (b 1++/ac- EJ < (b +ac)(1+£jz(b+c)2 .......................................................................... (2p)
a a
(c2+ab)( ) (c 1++/ab- \/7J (c®+ab) ( S)z(wa)z ......................................................................... (2p)
Inmultind relatiile Intre ele se obtine egalitatea CEIULA...........ccouiiiiiiiiiiie s (1p)

Problema Il. (7 puncte)

x> —2xy +2y* -2ay+4y=4a-a’
(x—y)* +y?—2ay+4y=4a-a’
(x—y)* =—y? +2ay — 4y + 4a—a*
(x—y) —(y2—2ay+a2)—4y+4a ................................................................................ (2p)
(x=y)'=—(y-aly-a+4)
(x-yf=0=(y-afy-a+4)<0=
y e[a,a-4]saufa-4,a

_4a-3a-2a-1
ayez ]}:ye{a ,a-3,a-2,a-1a}

LY =84 (X oY) S0 X T Y Z@ =4 oo (1p)
2y=a-32(x—-y)l=—(@-3-a)a—-3-a+4)>x-—y)?=3=x—y=+V3 ,imp.(x,yeZ)...(Ap)
3y=a-2=(x-yf=—(a-2-afa-2-a+4)=>(x-y) =4=>=>x-y=2=>x=y+2=>xefaa-4}.(1p)
4. y=a-1=(x—yf =—(a-1-a)fa—1-a+4)=3=x—y==+/3, imposibil (X, Y €Z) .ecocceerrrrrrrrrrrrrrrrrrrrren (1p)
B Y =B (X Y) S0 XS Y Z @ ooiiieiiiiiii et (1p)

S={a-4a-4)(a-4a-2)(aa-2)(aa)}



Problema I11. (7 puncte)

Avem (\/5 ++/3 )2018 = (8 +24/15 )1009 ............................................................................................. (2p)
009 009 e eg . .. . .

Aratam ca (8 +2415 )1 + (8 —2.15 )l este numar natural divizibil cu 64. Pentru aceasta, prin inductie matematica,

vom demonstra ca a, = (8 + ZJE)ZM + (8 - ZJE)ZM O PP (1p)

Daca notam x; = 8 + 2v15,x, = 8 — 2v15 atunci avem de demonstrat propozitia
P(n): x,2"*1 +x,27+1: 64

Lo VEIFICAE PL) ..o, (1p)
II. Pentru etapa a doua, considerdm ecuatia de gradul al doilea cu radacinile X, X,, X* =16x+4 =0, care rezolvi
PASUL e INAUCHIE. .. .ot e e e e (1p)

Rezultd aso, = (8 + 2v15)""" + (8- 2v15)""" : 64, deci (V5+3[ "= a,,—(8—215)"" 5i cum
(8—2\/E)€ (0,1), rezulta ca [(\/§+\/§)2018} =64-p-1, peN’,sau [(\/§+\/§)2018} =64-(p—1)+63. Prin urmare

TESTUL CAULAL ©STC 03 . ... ettt ettt ettt et et ettt et et ettt et et ettt et et et et et et et e e et et e et e e et e e e aaeaas (2p)

Problema 1V. (7 puncte)

Deorece 4. B, Csunt punctele diametral opuse varfurilor AB 51 C , avem ¢i

_— — @ —— @ — @ — @ ——

OA+OB+O0C=—(04 + OB +O0C). ..o (1p)
Folosind relatia lui Sylvester in triunghiurile 4 BC. AB,Crespectiv 4BC; . obfinem
OH, - OB +0C+ 04

OH, =04+0C+OB,

OH, = E+a+ﬂ_{:&‘ .de unde prin adunare

avem OH, + OH, +OH, = OA+ OB+ OC ......oeeeeeeceseveeeseerecenerenssesesssissisesisnsnnenn(2D)
H,.H,.H fiind simefricele punctelor ;. H,,H, fatd de varfurile 4,.B,.C, avem

—. OH,+CH,

04 =———— deunde OH, =204, - OH,
2
—. OH,+OH. —_— — —
B =—2—"2 deunde OH; =20B,—OH) coeoveerereerreeerereiesiensssessssssnsssesiensnse s 2P)
— OH,+OH, - -
0C, =—2—"% deunde OH, =20C,—OH, .

7
AH,.BH. ,CHpot fi laturile unui triunghi.........ccooveiveceeiiniice e (1P)

-~

& AH,+BH, +CH, =0 A0+ BO+CO+OH,+OH, + OH, =0

= 4(@ +BO+ CC?] =0 AO+BO+CO=0< triunghiul ABC echilateral....... (1p)



