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Introduction

Inequalities are useful in all fields of Mathematics. The aim of this problem-oriented book is to present
elementary techniques in the theory of inequalities. The readers will meet classical theorems including
Schur’s inequality, Muirhead’s theorem, the Cauchy-Schwarz inequality, the Power Mean inequality, the AM-
GM inequality, and Hélder’s theorem. 1 would greatly appreciate hearing about comments and corrections
from my readers. You can send email to me at ultrametric@gmail.com

To Students

My target readers are challenging high schools students and undergraduate students. The given techniques
in this book are just the tip of the inequalities iceberg. Young students should find their own methods to
attack various problems. A great Hungarian Mathematician Paul Erdos was fond of saying that God has
a transfinite book with all the theorems and their best proofs. 1 strongly encourage readers to send me their
own creative solutions of the problems in this book. Have fun!
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Chapter 1

Geometric Inequalities

It gives me the same pleasure when someone else proves a good theorem as when I do it myself. E. Landau

1.1 Ravi Substitution

Many inequalities are simplified by some suitable substitutions. We begin with a classical inequality in
triangle geometry. What is the first! nontrivial geometric inequality ? In 1746, Chapple showed that

Theorem 1.1.1. (Chapple 1746, Euler 1765) Let R and r denote the radii of the circumcircle and
incircle of the triangle ABC. Then, we have R > 2r and the equality holds if and only if ABC' is equilateral.

Proof. Let BC = a, CA =b, AB = ¢, s = “*¢ and § = [ABC].2 Recall the well-known identities :

S = %7 S =rs, S? = s(s —a)(s — b)(s — ¢). Hence, R > 2r is equivalent to Z—%C > 25 or abe > 8%2 or

abe > 8(s — a)(s — b)(s — ¢). We need to prove the following. O

Theorem 1.1.2. ([AP], A. Padoa) Let a, b, ¢ be the lengths of a triangle. Then, we have
abc > 8(s —a)(s —b)(s—c) or abc> (b+c—a)(c+a—b)(a+b—c)
and the equality holds if and only if a =b = c.

Proof. We use the Ravi Substitution : Since a, b, ¢ are the lengths of a triangle, there are positive reals z,
y, zsuch that a =y + 2, b =2+, c =z +y. (Why?) Then, the inequality is (y + 2)(z + z)(z + y) > 8zyz
for x, y, z > 0. However, we get (y +2)(z +x)(z+y) —8ryz=2(y — 2)2 +y(z —2)> + 2(x —y)? > 0. O

Exercise 1. Let ABC be a right triangle. Show that R > (1 ++/2)r. When does the equality hold ?

It’s natural to ask that the inequality in the theorem 2 holds for arbitrary positive reals a, b, ¢? Yes ! It’s
possible to prove the inequality without the additional condition that a, b, ¢ are the lengths of a triangle :

Theorem 1.1.3. Let x, y, z > 0. Then, we have zyz > (y+ 2z —x)(z + x —y)(x + y — 2z). The equality
holds if and only if xt =y = z.

Proof. Since the inequality is symmetric in the variables, without loss of generality, we may assume that
x>y >z Then, we have x +y > z and z+x > y. If y+ 2z > x, then z, y, z are the lengths of the sides
of a triangle. In this case, by the theorem 2, we get the result. Now, we may assume that y + z < z. Then,
2yz>0> (y+z—z)z+z—y)(z+y— 2). O

The inequality in the theorem 2 holds when some of x, y, z are zeros :

Theorem 1.1.4. Let z, y, z > 0. Then, we have zyz > (y+ z —x)(z +  — y)(z +y — 2).

IThe first geometric inequality is the Triangle Inequality : AB + BC > AC
2In this book, [P] stands for the area of the polygon P.



Proof. Since x,y,z > 0, we can find positive sequences {zn}, {yn}, {2z} for which

lim z, =2, lim y, =y, lim 2z, = z.
n—oo n—oo n—oo

Applying the theorem 2 yields

Now, taking the limits to both sides, we get the result.
O

Clearly, the equality holds when = y = z. However, zyz = (y+z—z)(z+x—y)(z+y—2) and z,y, 2 > 0
does not guarantee that © = y = z. In fact, for z,y, z > 0, the equality zyz = (y+z—2)(z+2—y)(x+y—2)
is equivalent to

r=y=zorz=y,2=0o0r y=z,x=0 or z=2z,y=0.

It’s straightforward to verify the equality
wyz—(y+z-—2)z+tr—yllr+y—2z) =z@-y)(z-2)+yly—2)y—2)+2( -2)(z —y).
Hence, the theorem 4 is a particular case of Schur’s inequality.

Problem 1. (IMO 2000/2, Proposed by Titu Andreescu) Let a,b,c be positive numbers such that

abc = 1. Prove that ) ) .
(a_1+) <b—1+> (c_1+> <1
b c a

First Solution. Since abc = 1, we make the substitution a = %, b=4% c=Zforuw, vy, z > 0.2 We rewrite
the given inequality in the terms of z, y, 2 : (

<x1+z> (gflJrE) (EflJrg) <l e ayz>y+z—a)(z+z—y)(r+y—2).
y y) \z z/) \x x
O

The Rawvi Substitution is useful for inequalities for the lengths a, b, ¢ of a triangle. After the Ravi
Substitution, we can remove the condition that they are the lengths of the sides of a triangle.

Problem 2. (IMO 1983/6) Let a, b, ¢ be the lengths of the sides of a triangle. Prove that
a®b(a —b) + b*c(b — ¢) + c*a(c —a) > 0.

First Solution. After settinga=y+ 2, b=z+4+x, c=x+ y for z,y,z > 0, it becomes

2 2 2
Bz rPr Sy >ty bayteday? or —+ L 1 S>a gtz
Yy z

which follows from the Cauchy-Schwarz inequality

2 2 2
T z
(y+z+2) <+y+) > (x+y+2)°
Y Z x

Exercise 2. Let a, b, ¢ be the lengths of a triangle. Show that

a b c

+ + < 2.
b+c c+a a+b

3For example, take z = 1, y = %, 2= #



Exercise 3. (Darij Grinberg) Let a, b, ¢ be the lengths of a triangle. Show the inequalities
a® +b% + A + 3abe — 2b%a — 2¢%b — 2ad%c > 0,

and
3a%b + 3b%c + 3c%a — 3abe — 2b%a — 2¢%b — 2a%¢ > 0.

We now discuss Weitzenbock’s inequality and related inequalities.

Problem 3. (IMO 1961/2, Weitzenbdck’s inequality) Let a, b, ¢ be the lengths of a triangle with area
S. Show that
a? +b% + ¢ > 4V/38.

Solution. Write a =y + 2, b=z2+z,c=z+y for z,y,z > 0. It’s equivalent to
(y+2)2+ (z4+2)* + (z+y)°)* > 488(z + y + 2)zyz,
which can be obtained as following :
(y+2)2+(z+2)2+ (x+y)%)? > 16(yz + 2a + xy)* > 16 - 3(xy - yz +yz - 22 + xy - y2).
Here, we used the well-known inequalities p? + ¢*> > 2pq and (p + ¢ + )% > 3(pq + qr + rp). O

Theorem 1.1.5. (Hadwiger-Finsler inequality) For any triangle ABC with sides a, b, ¢ and area F,
the following inequality holds.

2ab + 2be + 2ca — (a* 4+ b* 4 ¢2) > 4V/3F.
First Proof. After the substitution a =y + 2, b = z + x, ¢ = © + y, where x,y, z > 0, it becomes

xy +yz + zx > /3zyz(z +y + 2),

which follows from the identity

)2 2 2
(xy +yz + 22)* = 3ayz(x +y + 2) = (zy —y2)" + (y2 — z0)" + (22 — 2y) )

2
O
Second Proof. We give a convexity proof. There are many ways to deduce the following identity:
2ab 4 2bc + 2ca — (a? + b2 + 2 A B C
abtbet CC:LF (@ +b" +c7) ztan§+tan§+tan§.
Since tan z is convex on (0, g), Jensen’s inequality shows that
A B, C
2ab + 2bc + 2ca — (a® + b* + ¢?) > 3tan 35 +5 ) V3.
4F 3
O

Tsintsifas proved a simultaneous generalization of Weitzenbock’s inequality and Nesbitt’s inequality.

Theorem 1.1.6. (Tsintsifas) Let p, q,r be positive real numbers and let a,b, ¢ denote the sides of a triangle
with area F'. Then, we have

P2y T2y T _2>003R
q+r r+p pP+q



Proof. (V. Pambuccian) By Hadwiger-Finsler inequality, it suffices to show that

1
Py L2y " 2> (atbte)’—(2+02+c?)
g+r r+p  ptq 2

or
1
(p+q+r>a2+<p+q+r>b2+<p+q+r>cz>(a+b+c)z
q+r r+p p+q 2
or
Ly L 0y L 2
+r)+(r+p)+@+ a” + b + ) =z(a+b+e).
R e e ) EL R AR
However, this is a straightforward consequence of the Cauchy-Schwarz inequality. O

Theorem 1.1.7. (Neuberg-Pedoe inequality) Let a1, b1, c1 denote the sides of the triangle A1 B1Cy with
area Fy. Let as,bs, co denote the sides of the triangle Ao BoCy with area Fy. Then, we have

a12(b22 + 022 — CL22) + b12(022 + a22 — b22) =+ 012(a22 + b22 — 022) > 16F F5.

Notice that it’s a generalization of Weitzenbock’s inequality.(Why?) In [GC], G. Chang proved Neuberg-
Pedoe inequality by using complex numbers. For very interesting geometric observations and proofs of
Neuberg-Pedoe inequality, see [DP] or [GI, pp.92-93]. Here, we offer three algebraic proofs.

Lemma 1.1.1.
a1 (a9 4+ bo? — e2%) 4+ 012 (b2® + 22 — a2?) + e1%(c2? + ax® — by?) > 0.
Proof. Observe that it’s equivalent to
(a12 + 012 + 1) (a2® + bo® + %) > 2(a1%as? + b1?by? + ¢12¢5?).

From Heron’s formula, we find that, for i = 1,2,

16Fi2 = (aiQ + biz + Ci2)2 — 2((11'4 + bi4 + Cz‘4) >0 or CL¢2 + b¢2 + Ci2 > \/2(ai4 + bz’4 + C,’4) .
The Cauchy-Schwarz inequality implies that

(a12 + b12 + 012)((122 + b22 + 022) > 2\/((114 + b14 + 014)((124 + b24 + 624) > 2(@120,22 + b12b22 —+ 012622).

O
First Proof. ([LC1], Carlitz) By the lemma, we obtain
L =a1?(by® 4+ 2% — ag?) + b1%(c2? + az? — bo?) + 12 (a2 + bo? — 22) > 0,
Hence, we need to show that
L? — (16 1) (16 F»?) > 0.
One may easily check the following identity
L? — (16F %) (16Fy?) = —4(UV + VW + WU),
where
U= b12622 - b22C12, V = C12a22 — 022a12 and W = a12b22 — a22b12.
Using the identity
2 b 2
a1’U +b:°V +¢?W =0 or W = —%U - %V,
C1 C1
one may also deduce that
2 2 _ g2 _ b2 2y 252 _ (12 — 12 — bi2)2
UV 4 VW 4wy = 9 (poaizar Zbhi ) dath m et m a2 b)) s
012 20,12 4(112612
It follows that
Vv e - e (g st Zh N 6RE
T2 2a12 4a.2¢12° —
O



Carlitz also observed that the Neuberg-Pedoe inequality can be deduced from Aczél’s inequality.

Theorem 1.1.8. (Aczél’s inequality) Let aq, -+ ,an, b1, , by be positive real numbers satisfying
a2 > a2+ +a,? and b12 2b22+---+bn2.

Then, the following inequality holds.

aiby — (azby + -+ +anby) > \/(a12 — (a2 + - +an?) (0> = (b2 + - + b))

Proof. ([AI]) The Cauchy-Schwarz inequality shows that

arby > \/((122 o an?) (b 4+ by%) > asby + -+ anbn.
Then, the above inequality is equivalent to
(a1b1 — (agbg —+ -4 anbn))Q Z (a12 — ((122 + -4 a"z)) (b12 — (b22 + o4 bn2)) .

In case a1? — (a2® + - + a,?) = 0, it’s trivial. Hence, we now assume that a1% — (ag? + - -+ a,?) > 0. The
main trick is to think of the following quadratic polynomial

n

P(.’E) = (alx — 51)2 — Z(aix — bi)Q = <a12 — Z(lﬁ) .’L‘2 +2 <a1b1 — Zadn) x 4+ <b12 — Zbﬁ) .
=2 =2 =2

1=2

2
Since P(Z—ll) =->" (ai (b—l) — bi) < 0 and since the coefficient of 22 in the quadratic polynomial P is

=2 ay
positive, P should have at least one real root. Therefore, P has nonnegative discriminant. It follows that

n 2 n n
<2 ((11[)1 — Zalbl>> —4 <a12 — ZCL}) <b12 — Zbﬁ) Z 0.
=2 =2 =2

[
Second Proof of Neuberg-Pedoe inequality. ([LC2], Carlitz) We rewrite it in terms of ay, by, ¢1, as, ba, ca:
(a1 + b2 + c1?)(az? + by? + %) — 2(ar1%a® + b12by? + c12c5?)
> \/((a12 02+ 00?) = 2t + 0yt + c14)) ((a22 + 002+ e22)” = 2(at + bt + c24)).
We employ the following substitutions
1 =a1? + 0" + a1t 20 = V2a1%, 13 = V207 ms = V26,
g1 = as® + b’ + 2%y = V2a2® Y3 = V207 ys = V2%
As in the proof of the lemma 5, we have
212 > ® +ys® +x4” and yi® > po® +ys® +
We now apply Aczél’s inequality to get the inequality
T1Y1 — Tay2 — T3ys — Tays > V(@12 — (222 + y3% + 242)) (112 — (122 + ys2 + va?)).
O

We close this section with a very simple proof by a former student in KMO* summer program.

4Korean Mathematical Olympiads



Third Proof. Toss two triangles AA; B,C; and AAyB>Cy on R2:
A1(0,p1), Bi(p2,0), Ci(p3,0), A2(0,q1), Ba(ge,0), and C2(gs,0).
It therefore follows from the inequality z2 + y? > 2|zy| that

a12(5s2 + 2% — ap?) + br2(ea® + as? — bs®) + 12(a2® + ba® — c32)
(ps — 2)° (201" + 2q142) + (p1* + ps*) (242” — 2q203) + (11 + p2°)(243% — 24243)
2(ps — p2)’q1” + 2(q3 — 42)°p1” + 2(p3g2 — p2qs)’

2((ps — p2)a1)* + 2((g3 — ¢2)p1)?

4l(p3 — p2)a1] - 1(g3 — q2)p1|

16F, F>5 .

(A\VARLYS



1.2 Trigonometric Methods

In this section, we employ trigonometric methods to attack geometric inequalities.

Theorem 1.2.1. (Erdés-Mordell Theorem) If from a point P inside a given triangle ABC perpendiculars
PH,, PHy, PH;5 are drawn to its sides, then PA+ PB + PC > 2(PH, + PH, + PH3).

This was conjectured by Paul Erdos in 1935, and first proved by Mordell in the same year. Several proofs
of this inequality have been given, using Ptolemy’s theorem by André Avez, angular computations with
similar triangles by Leon Bankoff, area inequality by V. Komornik, or using trigonometry by Mordell and
Barrow.

Proof. ([MB], Mordell) We transform it to a trigonometric inequality. Let hy = PH;, ho = PHy and
hs = PH3. Apply the Since Law and the Cosine Law to obtain

PAsin A =HyHs = \/h22 + hs? — 2hahs cos(m — A),
PBsinB = HsH, = \/hg,2 + h1? — 2hshy cos(m — B),
PCsinC = H{Hy = \/h12 + h22 — 2h1ho COS(7T — C)

So, we need to prove that

1
3 SinA\/hz2 + ha? — 2hoh cos(m — A) > 2(hy + hy + hs).

cyclic

The main trouble is that the left hand side has too heavy terms with square root expressions. Our strategy
is to find a lower bound without square roots. To this end, we express the terms inside the square root as
the sum of two squares.

H2H32 = h22 + h32 — 2hohsg COS(7T - A)
= ho® + h3® — 2hyhg cos(B + C)
ho? + hs? — 2hohs(cos B cos C — sin Bsin C).

Using cos? B 4 sin? B = 1 and cos? C + sin? C' = 1, one finds that
H2H32 = (hysin C + hgsin B) + (hy cos C — hs cos B)?.

Since (hg cos C' — hg cos B)2 is clearly nonnegative, we get Ho H3 > hosin C + hgsin B. It follows that

Vha? 4 hs® = 2hoh cos(x — A)

Z : Z Z hQ Sin C+ h3 Sil’l B
- sin A - sin A
cyclic cyclic
o Z sin B T sin C h
- <« \sinC  sinB !
cyclic
> sin B sinC

. R 1
- sinC  sin B
cyclic

= 2hy + 2hs + 2hs.

We use the same techniques to attack the following geometric inequality.

Problem 4. (IMO Short-list 2005) In an acute triangle ABC, let D, E, F, P, Q, R be the feet of
perpendiculars from A, B, C, A, B, C to BC, CA, AB, EF, FD, DE, respectively. Prove that

p(ABC)p(PQR) > p(DEF)?,

where p(T) denotes the perimeter of triangle T .



Solution. Let’s euler® this problem. Let p be the circumradius of the triangle ABC. It’s easy to show that
BC = 2psin A and EF = 2psin Acos A. Since DQ = 2psin C cos Bcos A, DR = 2psin B cos C cos A, and
/ZFDE =m — 2A, the Cosine Law gives us

QR? = DQ*+ DR*—2DQ - DRcos(m — 2A)
= 4p*cos’ A [(sin C cos B)? + (sin B cos C)° + 2 sin C cos B sin B cos C cos(2A)
or

QR =2pcos A\/ (A, B,C),

F(A, B,C) = (sin C cos B)® + (sin B cos C)* + 2sin C cos B sin B cos C cos(2A).

where

So, what we need to attack is the following inequality:
2
Z 2psin A Z 2pcos AN/ f(A,B,C) | > Z 2psin A cos A
cyclic cyclic cyclic

or
2

Z sin A Z cos A/ f(A,B,C) | > Z sin A cos A
cyclic cyclic cyclic

Our job is now to find a reasonable lower bound of 1/ f(A4, B,C). Once again, we express f(A4, B,C) as the
sum of two squares. We observe that

f(A,B,C) = (sinCcosB)?+ (sin BcosC)? + 2sin C cos Bsin B cos C cos(2A)
= (sinC cos B + sin B cos C)* + 2sin C cos Bsin B cos C [~1 + cos(24)]
= sin?(C 4 B) — 2sin C cos Bsin Bcos C - 2sin® A
sin? A [1 — 4sin Bsin C cos B cos O] .

So, we shall express 1 — 4sin B sin C cos Bcos C as the sum of two squares. The trick is to replace 1 with
(sin2 B + cos? B) (sin2 C + cos? C). Indeed, we get
1 —4sinBsinCcos BecosC = (sin® B 4 cos® B) (sin® C + cos® C') — 4sin Bsin C cos B cos C
= (sin BcosC — sin C cos B)” + (cos B cos C — sin Bsin C)?
= sin?(B — C) +cos’(B+C)
= sin?(B — C) + cos® A.

It therefore follows that
f(A,B,C) = sin® A [sin®(B — C) + cos® A] > sin® Acos® A

so that

Z cos Av/ f(A,B,C) > Z sin A cos? A.

cyclic cyclic
So, we can complete the proof if we establish that

2

Z sin A Z sin Acos? A | > Z sin A cos A

cyclic cyclic cyclic
Indeed, one sees that it’s a direct consequence of the Cauchy-Schwarz inequality
(p+aq+r)(e+y+2) > (Vpr+ /gy +Vrz)?,

where p, q,r,x,y and z are positive real numbers. O

Seuler v. (in Mathematics) transform the problems in triangle geometry to trigonometric ones



Alternatively, one may obtain another lower bound of f(A, B,C):

f(A,B,C) = (sinCcosB)®+ (sin BcosC)* + 2sin C cos Bsin B cos C cos(2A)
= (sinCcos B —sin Bcos C)? + 2sin C cos Bsin B cos C [1 + cos(24)]
sin(2B) sin(2C)
2 2
> cos? Asin(2B)sin(20).

-2cos® A

= sin*(B-C)+2

Then, we can use this to offer a lower bound of the perimeter of triangle PQR:

p(PQR) = Z 2pcos A\ f(A,B,C) > Z 2p cos® AV/sin 2B sin 2C

cyclic cyclic

So, one may consider the following inequality:

p(ABC) Z 2pcos? AVsin 2B sin 2C > p(DEF)?

cyclic
or
2
2p Z sin A Z 2pcos® AVsin2Bsin2C | > | 2p Z sin A cos A
cyclic cyclic cyclic
or

2

Z sin A Z cos? AVsin2Bsin2C | > Z sin A cos A

cyclic cyclic cyclic

However, it turned out that this doesn’t hold. Try to disprove this!

Problem 5. (IMO 2001/1) Let ABC be an acute-angled triangle with O as its circumcenter. Let P on line
BC be the foot of the altitude from A. Assume that /BCA > ZABC + 30°. Prove that Z/CAB + ZCOP <
90°.

Proof. The angle inequality Z/CAB + ZCOP < 90° can be written as ZCOP < ZPCO. This can be shown
if we establish the length inequality OP > PC. Since the power of P with respect to the circumcircle of ABC'
is OP?2 = R? — BP- PC, where R is the circumradius of the triangle ABC, it becomes R?> — BP - PC > P(C?
or R? > BC - PC. We euler this. It’s an easy job to get BC = 2Rsin A and PC = 2Rsin B cos C. Hence,
we show the inequality R? > 2Rsin A - 2R sin B cos C' or sin Asin BcosC < %. Since sin A < 1, it suffices
to show that sin Asin BcosC < i. Finally, we use the angle condition ZC' > /B + 30° to obtain the
trigonometric inequality

sin(B + C) —sin(C — B) < 1 —sin(C — B) < 1—sin30° 1

2 - 2 - 2 4

sin BcosC' =

O

We close this section with Barrows’ inequality stronger than Erdos-Mordell Theorem. We need the
following trigonometric inequality:

Proposition 1.2.1. Let z,y, z, 01,02, 03 be real numbers with 01 + 02 + 03 = w. Then,
22 + % + 2% > 2(yzcos By + zx cos by + xy cosbs).
Proof. Using 03 = m — (61 + 03), it’s an easy job to check the following identity

2% + % + 22 — 2(yz cos 0y + zx cos Oy + ay cosb3) = (z — (wcos by + 1y coshy))? + (zsinby — ysinby)” .



Corollary 1.2.1. Let p, q, and r be positive real numbers. Let 01, 02, and 03 be real numbers satisfying
01 + 05 + 03 = 7. Then, the following inequality holds.

1
pCOS‘91+qC0892+rcos93§(qr+rp+pq>.
2\p q¢ T

Proof. Take (z,y,2) = (4 /%, \ /%, 1/%) and apply the above proposition. O

Theorem 1.2.2. (Barrow’s Inequality) Let P be an interior point of a triangle ABC and let U, V, W
be the points where the bisectors of angles BPC, CPA, APB cut the sides BC,CA,AB respectively. Prove
that PA+ PB + PC > 2(PU + PV + PW).

PT’OOf. ([MB] and [AK]) Let dl = PA, d2 = PB, d3 = PC, ll = PU, 12 = ]D‘/7 lg = PVV7 291 = ABPC,
205 = LCPA, and 203 = ZAPB. We need to show that d; + da + d3 > 2(l; + lo + I3). It’s easy to deduce
the following identities

2dads 2d3dy 2d1ds

L= 501, Iy = 5 0 d ls=
1 d2+d3005 1, 2 dg-l—dlCOb 2, all 3 d1+dgc

0s 03,
By the AM-GM inequality and the above corollary, this means that

1
ll + lg + lg S d2d3 COS 91 + v/ d3d1 COS 92 =+ v/ dldg COS 93 S 5 (dl + d2 + d3) .

As another application of the above trigonometric proposition, we establish the following inequality

Corollary 1.2.2. ([AK], Abi-Khuzam) Let x1,--- ,x4 be positive real numbers. Let 61,--- ,604 be real
numbers such that 01 + ---+ 04 = 7. Then,

X123 + Toy)(T124 + T2T3)

T1T2 + T3Xy
21 oSy + xo cos by 4+ x3c0803 + x4 cosby < ( )
T1X2T3L4

Proof. Let p = P 4wa® | wg’ s’ q = Bzadsas and )\ = \/g In the view of 01 + 02 + (03 + 04) = 7 and

2x1 T2 2w374

03 + 04 + (61 + 02) = , the proposition implies that
x1 cos b + x cosly + Acos(bs + 04) < pA = \/pq,

and
x3cos b3 + x4 cos by + Acos(by + 02) < % = /pq.

Since cos(f3 + 04) + cos(61 + 02) = 0, adding these two above inequalities yields

J(@123 + xoxs) (X124 + T2T3)
L1T2X3L4 ’

21 cos 1 + x5 cos by + x3cosf3 + x4 cosbly < 2\/pg = \/(gclglj2 + T3y

10



1.3 Applications of Complex Numbers

In this section, we discuss some applications of complex numbers to geometric inequality. Every complex
number corresponds to a unique point in the complex plane. The standard symbol for the set of all complex
numbers is C, and we also refer to the complex plane as C. The main tool is applications of the following
fundamental inequality.

Theorem 1.3.1. If z1,--- ,z, € C, then |z1| + -+ |zn| > |21+ + 2nl.
Proof. Use induction on n with the triangle inequality. O
Theorem 1.3.2. (Ptolemy’s Inequality) For any points A, B,C, D in the plane, we have
AB-CD+ BC-DA > AC - BD.
Proof. Let a, b, c and 0 be complex numbers that correspond to A, B, C, D in the complex plane. It becomes
ja—b| el + 16—l - al = |a — | - o]
Applying the Triangle Inequality to the identity (a — b)c + (b — ¢)a = (a — ¢)b, we get the result. O

Problem 6. ([TD]) Let P be an arbitrary point in the plane of a triangle ABC with the centroid G. Show
the following inequalities

(1) BC-PB-PC+AB-PA-PB+CA-PC-PA>BC -CA-AB and
(2) PA° - BC+PB -CA+PC -AB>3PG-BC-CA-AB.

Solution. We only check the first inequality. Regard A, B,C, P as complex numbers and assume that P
corresponds to 0. We're required to prove that

|(B—C)BC|+|(A—B)AB|+ |(C — A)CA| > |(B—-C)(C — A)(A - B)|.
It remains to apply the Triangle Inequality to the identity
(B-C)BC+(A-B)AB+ (C—-A)CA=—-(B-0C)(C—-A)(A-B).
O

Problem 7. (IMO Short-list 2002) Let ABC be a triangle for which there exists an interior point F
such that ZAFB = ZBFC = ZCFA. Let the lines BF and CF meet the sides AC and AB at D and E,
respectively. Prove that AB + AC > 4DFE.

Solution. Let AF = 2, BF = y,CF = z and let w = cos 2& 4 isin 2X. We can toss the pictures on C so that

3 3
the points F, A, B, C, D, and E are represented by the complex numbers 0, z, yw, zw?, d, and e. It’s an
easy exercise to establish that DF' = 2% and EF = % This means that d = — %2 w and e = —%w.

We’re now required to prove that

—ZX Ty
w + w2 .

T —yw| +|2w? — x| >4
Y
z+x T4y

Since |w| =1 and w?® = 1, we have |2w? — 2| = |w(2w? — 7)| = |2 — 2w|. Therefore, we need to prove
dzx dxy
|z — yw| + |z — zw| > - wl|.
Z4+x xT+vy
More strongly, we establish that |(z — yw) + (2 — aw)| > ff; - ﬁ_’f{/w‘ or |p— qw| > |r— sw|, where
p=z4+x,q=y+x,r= jii’ and s = f%’/. It’s clear that p > r > 0 and ¢ > s > 0. It follows that

p— qw|® = r — sw® = (p — qw)(p — qw) — (r — sw)(r — sw) = (P> —12) + (pg — s) + (¢* — 5%) > 0.

It’s easy to check that the equality holds if and only if AABC is equilateral. O

11



Chapter 2

Four Basic Techniques

Differentiate! Shiing-shen Chern

2.1 Trigonometric Substitutions
If you are faced with an integral that contains square root expressions such as
/\/l—m2 dz, /\/1+y2 dy, /\/2271512
then trigonometric substitutions such as x = sint, y = tant, z = sect are very useful. We will learn that
making a suitable trigonometric substitution simplifies the given inequality.
Problem 8. (APMO 2004/5) Prove that, for all positive real numbers a,b, c,
(a® +2)(b* +2)(c* +2) > 9(ab + bc + ca).

First Solution. Choose A, B,C € (O ”) with ¢ = v2tan A, b = v2tan B, and ¢ = v/2tanC. Using the

’ 2
well-known trigonometric identity 1 + tan? 6 = one may rewrite it as

1
cos?0?
4

9 > cos A cos B cos C (cos Asin Bsin C + sin A cos Bsin C + sin Asin BcosC) .
One may easily check the following trigonometric identity

cos(A + B+ C) = cos A cos B cos C — cos Asin Bsin C' — sin A cos B sin C' — sin A sin B cos C.

Then, the above trigonometric inequality takes the form

g > cos A cos B cosC (cos Acos BeosC — cos(A+ B+ C)).

Let 6 = A*;J. Applying the AM-GM inequality and Jesen’s inequality, we have

cosA—|—cosB—|—cosC’)3 < cos® .

cos AcosBcosC < ( 3

We now need to show that
> cos® 0(cos®  — cos 30).

O

Using the trigonometric identity
cos 360 =4cos® —3cosh or cos®dgnsd — cos30 = 3cosb — 3cos® 6,
it becomes

4 4 2
5 > cos™ 6 (1 —cos? ),

12



which follows from the AM-GM inequality

1
20 20 31 20 20 1
(CO; . CO; (11— cos? 9)) < 3 (COSQ + COSQ +(1- cos? 6’)) =3

One find that the equality holds if and only if tan A = tan B = tan C = % ifand onlyifa=b=c=1. O

Problem 9. (Latvia 2002) Let a, b, ¢, d be the positive real numbers such that

1 1 1 1

=1.
1+a4+1+b4+1+64+1+d4

Prove that abed > 3.

Solution. We can write a®> = tan A, b> = tan B, ¢ = tanC, d*> = tan D, where A, B,C,D € (0, g) Then,
the algebraic identity becomes the following trigonometric identity :

cos? A+ cos? B+ cos? C +cos® D = 1.

Applying the AM-GM inequality, we obtain

wln

sin? A =1 — cos? A = cos® B 4 cos? C' 4 cos? D > 3 (cos B cos C cos D)

Similarly, we obtain

o

sin? B >3 (cochosDcosA)% ,sin? C' > 3(cosDcosAcosB)% , and sin? D > 3 (cos A cos BcosC)% .
Multiplying these four inequalities, we get the result! O
Problem 10. (Korea 1998) Let x, y, z be the positive reals with x +y + z = xyz. Show that

1 1 1 3
+ + <2
Vita?  J1+y2 V1+22 7 2

Since the function f is not concave on R¥, we cannot apply Jensen’s inequality to the function f(t) =

\/#. However, the function f(tan6) is concave on (0, g) !

First Solution. We can write x = tan A, y = tan B, z = tan C, where A, B,C € (0, g) Using the fact that
1+ tan?6 = ( L )2, we rewrite it in the terms of A, B, C' :

cos 6
3
cos A+ cosB +cosC < 3
It follows from tan(r — C) = —z = ffxyy =tan(A+ B) and from 7 —C,A+ B € (0,7) that r—C = A+ B
or A+ B 4+ C = 7. Hence, it suffices to show the following. O

Theorem 2.1.1. In any acute triangle ABC, we have cos A+ cos B + cosC' < 3.

s

Proof. Since cosx is concave on (O, 5), it’s a direct consequence of Jensen’s inequality. ]

We note that the function cosz is not concave on (0, 7). In fact, it’s convex on (g,ﬂ'). One may think
that the inequality cos A 4+ cos B + cos C' < % doesn’t hold for any triangles. However, it’s known that it
holds for all triangles.

Theorem 2.1.2. In any triangle ABC, we have cos A + cos B + cos C' < %
First Proof. It follows from m — C' = A + B that cosC' = —cos(A + B) = —cos Acos B + sin Asin B or

3 —2(cos A+ cos B + cosC) = (sin A — sin B)? + (cos A + cos B — 1)? > 0.

13



Second Proof. Let BC' = a, CA = b, AB = c. Use the Cosine Law to rewrite the given inequality in the
terms of a, b, ¢ :

4+c2—a?> A+a2-v* a?+b2-c2
+ +
2bc 2ca 2ab
Clearing denominators, this becomes

3
< -
-2

3abe > a(b® + ¢ — a?) +b(c? +a® — bV?) + c(a® + b* — c?),
which is equivalent to abc > (b+ ¢ —a)(c+ a —b)(a+ b — ¢) in the theorem 2. O

In the first chapter, we found that the geometric inequality R > 2r is equivalent to the algebraic inequality
abc > (b+c—a)(c+a—">b)(a+b—c). We now find that, in the proof of the above theorem, abc >
(b+c—a)(c+a—b)(a+b—c) is equivalent to the trigonometric inequality cos A+ cos B+ cosC' < 2. One
may ask that

In any triangles ABC, is there a natural relation between cos A + cos B + cos C' and g, where R
and r are the radii of the circumcircle and incircle of ABC ?

Theorem 2.1.3. Let R and r denote the radii of the circumcircle and incircle of the triangle ABC. Then,
we have cos A+ cos B +cosC =1+ 5.

Proof. Use the identity a(b?+c? —a?)+b(c? +a? —b?)+c(a® +b* —c?) = 2abc+ (b+c—a)(c+a—b)(a+b—c).
We leave the details for the readers. O

Exercise 4. (a) Let p,q,r be the positive real numbers such that p*> + ¢* + r% + 2pgr = 1. Show that there
exists an acute triangle ABC' such that p = cos A, ¢ = cos B, r = cosC.

(b) Let p,q,r > 0 with p*> + ¢*> + > + 2pgr = 1. Show that there are A,B,C € [07 %] with p = cos A,
qg=cosB, r=cosC, and A+ B+C =m.

Problem 11. (USA 2001) Let a,b, and ¢ be nonnegative real numbers such that a®> + b*> + ¢ + abc = 4.
Prove that 0 < ab+ bec + ca — abe < 2.

Solution. Notice that a, b, c > 1 implies that a? +b%+c?+abc > 4. If a < 1, then we have ab+bc+ca—abec >
(1 —a)be > 0. We now prove that ab + bc + ca — abc < 2. Letting a = 2p, b = 2¢q, ¢ = 2r, we get
p2 + ¢% + 12 + 2pgr = 1. By the above exercise, we can write

a=2cosA, b=2cosB, ¢=2cosC for some A, B,C € [O, g] with A+ B+ C = .

We are required to prove

cos Acos B+ cosBcosC +cosCcos A —2cos AcosBeosC <

[N

One may assume that A > g or 1 —2cos A > 0. Note that
cos A cos B + cos B cos C' + cos C cos A — 2 cos A cos B cos C = cos A(cos B + cos C') + cos B cos C(1 —2cos A).

We apply Jensen’s inequality to deduce cos B + cos C' < % — cos A. Note that 2cos BcosC = cos(B — C) +
cos(B 4+ C) <1—cos A. These imply that

3 1—cos A
cos A(cos B+ cosC) + cos Beos C(1 —2cos A) < cos A (2 - cosA) + (;OS) (1 —2cos A).

However, it’s easy to verify that cos A (% — cos A) + (#) (1—-2cosA) = % O

14



2.2 Algebraic Substitutions

We know that some inequalities in triangle geometry can be treated by the Ravi substitution and trigonomet-
ric substitutions. We can also transform the given inequalities into easier ones through some clever algebraic
substitutions.

Problem 12. (IMO 2001/2) Let a, b, ¢ be positive real numbers. Prove that

a b c
+ + >1
Va2 +8bc Vb2 +8ca Ve +8ab

First Solution. To remove the square roots, we make the following substitution :

a b c

) )y = :
va? + 8be Y Vb2 + 8ca V2 4 8ab

Clearly, z,y, z € (0,1). Our aim is to show that z + y + z > 1. We notice that

a2 B 1.2 b2 7 y2 02 B 22 . 1 7 :E2 y2 22
8c 1—22" 8ac 1—9y2" 8ab 1-—22 512 \1—a2)\1—y2)\1—-22)"

Hence, we need to show that

r+y+2z>1, where 0 < z,y,2 < 1and (1 — 2%)(1 — y*)(1 — 2%) = 512(xyz)?.
However, 1 > x + y + z implies that, by the AM-GM inequality,

(1-2)(1-y)1 -2 > (z+y+2)?—2)((z+y+2)° -y ((z+y+2)>—22)=(@+z+y+2)(y+2)

N

(@ +y+y+2)=+a)ety+z+e)(@+y) >4’y 2y2)? -4y za)t - 2za)? -4 ay)t - 2ay)?
= 512(xyz)?. This is a contradiction ! O
Problem 13. (IMO 1995/2) Let a,b, ¢ be positive numbers such that abc = 1. Prove that

1 1 1
a3(b+c) + b3(c+ a) + c3(a+b)

3
> —
-2
First Solution. After the substitution a = %, b= %, c= %, we get zyz = 1. The inequality takes the form

.I‘Q y2 22

+ +
y+z z+x T+Y

3
> —.
-2

It follows from the Cauchy-Schwarz inequality that

22 e 22
+ +
y+z z+x TH+Y

[(y+z)+(z+x)+(x+y)]< >2(x+y+z)2

so that, by the AM-GM inequality,

x? y? 22 >x—|—y+z>3(xyz)%_3

y+z+z+x+x—|—y_ 2 - 2 2

(Korea 1998) Let x, y, z be the positive reals with « 4+ y + z = zyz. Show that

1 1 1
+ +
Vita?  J1+y2 V1422

3
< —.
-2
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Second Solution. The starting point is letting a = %, b= %, c= % We find that a 4+ b+ ¢ = abc is equivalent
to 1 = a2y + yz + zz. The inequality becomes ‘

v, 2 3
Vaz+1 2 +1 V22+1 7 2
or
T Y z 3
+ + <z
Veltay+tyzt+zr VR taytyztze 22 taytyztar o 2
or
T Y z 3
+ + <.
VE+y+z) Vy+2)y+a) VE+ra)(at+y) ~ 2
By the AM-GM inequality, we have
x oz (:c+y)(x+z)<1x[(w+y)+<x+z)}1( z = )
(z+y)(z+z) (@+yle+z) ~2 (z+y)lz+z) 2\z+z x+z)

In a like manner, we obtain

Y 1 Y Y z 1 z z
—_— < — and ———< = + .
+2)y+o) 2 \y+z ytw (+a)(z+y)  2\zt+z 24y
Adding these three yields the required result. O
We now prove a classical theorem in various ways.
Theorem 2.2.1. (Nesbitt, 1903) For all positive real numbers a, b, c, we have

a n b n c >§
b+c c+a a+b~ 2

Proof 1. After the substitution t =b+c, y=c+a, z=a+ b, it becomes

— 3
ny-ﬁ-z mzf or y+Z26
2x 2 T

cyclic cyclic

which follows from the AM-GM inequality as following:

+z z z x x z zZ T x 5

E Yy :y+++++y26(y. fffff y) = 6.
/< x r x Yy oy z =z

cyclic

Proof 2. We make the substitution

v a b L c
7b+c’yic+a’ Ca+b
It follows that
a t
= — =1 h t) = ——.
Zf(m) Za+b+c , where f(t) T+1
cyclic cyclic

Since f is concave on (0,00), Jensen’s inequality shows that
1 1 1 Z r+y+z 1 r+y+z
— = - = — < B — — < B —— .

Since f is monotone increasing, this implies that

1 x4+y+=z a
s<—5 o Zb+czx+y+z

cyclic

%
N w
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Proof 3. As in the previous proof, it suffices to show that

T=

,whereT:wand Z z =1.
3 1+=x

N

cyclic

One can easily check that the condition

x
Z 1+:1c:1

cyclic

becomes 1 = 2xyz + xy + yz + zx. By the AM-GM inequality, we have

1
l=2zyz+ay+yz+20<2T°+37% = 2T°4+37T°-1>0 = 2T-1)(T+1)*>0 = T> 3
(IMO 2000/2) Let a, b, ¢ be positive numbers such that abc = 1. Prove that
1 1 1
(a-145) (=147 (c-143) <2
b c a
Second Solution. ([IV], Ilan Vardi) Since abc = 1, we may assume that a > 1 > b. ! It follows that
1 1 1 1 1 -1)(1-9b
1- <a—1—|—> (b—1+> <C—1+> = (c+—2> <a+—1>+(a)(). 2
b c a c b a
O

Third Solution. As in the first solution, after the substitution a = %, b=2% c=2forx y z>0, we

PR
can rewrite it as zyz > (y + z — z)(z + « — y)(x + y — z). Without loss of generality, we can assume that
z>y>x. Set y—x=pand z —x = q with p,q > 0. It’s straightforward to verify that

zyz —(y+z—a)(z+a—y)(z+y—2) =0 —pg+a)zr+ @+ —p’a—pg?).
Since p?2 —pg+¢*> > (p—q)? > 0 and p* + ¢ — p?q — pg®> = (p — ¢)*(p + q) > 0, we get the result. O

Fourth Solution. (From the IMO 2000 Short List) Using the condition abc = 1, it’s straightforward to
verify the equalities

2:1<a—1+1>+c<b—1+1>,
a b c
1 1 1
2:(b—1+)+a(c—1+>,
b c a
1 1 1
2:<c—1+>+b(a—l+>.
c a c

In particular, they show that at most one of the numbers v = a — 1 + %, v=>b—1+ %, w=c—1+ % is

negative. If there is such a number, we have

1 1 1
(a—1+> (b—1+> (c—1+>:uvw<0<1.
b c a

And if u,v,w > 0, the AM-GM inequality yields

1 1 1 /b
2=—-u-+cv>2 Euv, 2=-v+4+aw >2 ng, 2=—-w+aw > 24/ -wu.
a a b b c c

Thus, uv < 2, vw < Z, wu < 7, 50 (uvw)? < a. g - € =1. Since u,v,w > 0, this completes the proof. [

=

1Why? Note that the inequality is not symmetric in the three variables. Check it!
2For a verification of the identity, see [IV].
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Problem 14. Let a, b, ¢ be positive real numbers satisfying a +b+ ¢ = 1. Show that
b Vab 3v3
a n + abc <14 i .
a+bc b+ca c+ab 4
Solution. We want to establish that

ab

1 1 ° 3v3
b + ca+ Cbgl—‘ri\/»

14k Tre 1

Setx:w%,y: Vi 2= \/%b. We need to prove that

1 1 P 3v3
<l+—
1+x2+1+y2+1+22_ + 4’

where z,y,z > 0 and zy + yz + zz = 1. It’s not hard to show that there exists A, B,C € (0, 7) with

A B C
xztang,y:tang,ZZtang, and A+ B+C =m.

The inequality becomes

1 1 tan & 3v/3
A 3t B2 20 g 1+ f
1+ (tan 5) 1+ (tan 5) 1+ (tan 5)
or
1 3v3
1+§(cosA+cosB+sinC)§1+Tf
or

3v/3

cos A+ cosB+sinC < —

Note that cos A + cos B = 2 cos (A'*'TB) cos (#). Since |A_TB‘ < 5, this means that

cos A + cos B < 2cos (AJ;B) = 2cos <W20>.

It will be enough to show that

2 cos <7r—C> +sinC < %,
2 2
where C' € (0, 7). This is a one-variable inequality.® It’s left as an exercise for the reader.

Problem 15. (Iran 1998) Prove that, for all x,y,z > 1 such that % + % + % =2,

\/x—i—y—l—zzx/x—l—i—\/y—l—i—\/z—l.
First Solution. We begin with the algebraic substitution ¢« = vz — 1, b = \/y — 1, ¢ = v/z — 1. Then, the

condition becomes

1 1 1
Tat TR T2 ¢ AP+l + 200 =1

and the inequality is equivalent to

3
Va2 +b2+2+3>a+b+ec & ab+bc+ca§§.

Let p = be, ¢ = ca, r = ab. Our job is to prove that p+ g+ 1r < % where p? 4 ¢® + 2 + 2pgr = 1. By the
exercise 7, we can make the trigonometric substitution

p=-cosA, g=cosB, r=cosC for some A, B,C € (Qg) with A+ B+ C =m.

What we need to show is now that cos A + cos B + cos C' < % It follows from Jensen’s inequality. O

3 Differentiate! Shiing-shen Chern
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Problem 16. (IMO Short-list 2001) Let x1,- -+ ,z, be arbitrary real numbers. Prove the inequality.

X1 X9 In
.. < .
i e S B I RIS v
First Solution. We only consider the case when z1,--- ,, are all nonnegative real numbers.(Why?)? Let

2o = 1. After the substitution y; = o2 +--- + ;2 forall i = 0,--- ,n, we obtain x; = \/7; — ¥;—1. We need
to prove the following inequality

i\/yi_yifl<\/fﬁ.

i=0 Yi

Since y; > y;—1 for all © = 1,--- ,n, we have an upper bound of the left hand side:

Z\/yi_yi—l Z yzl Z

yz Yi—1 Yi—1

Yi P

We now apply the Cauchy-Schwarz inequality to give an upper bound of the last term:

n

B [ EGD-RGD)

Yi—1 y Yi—1 Yi Yo Yn

Since yo = 1 and y,, > 0, this yields the desired upper bound /n.
O

Second Solution. We may assume that z1,--- ,x, are all nonnegative real numbers. Let o = 0. We make
the following algebraic substitution

;= = and §; = ——
CoVEl a2 V1+t? ' V1+t?
for all ¢ = 0,--- ,n. It’s an easy exercise to show that ﬁ = cg---¢;8;. Since s; = /1 —¢;2 |, the

desired inequality becomes

cociV1 —c12 +coeican/1 —ca?2 + -4 cocr - enV/ 1 —cp2 < /.

Since 0 < ¢; <1foralli=1,---,n, we have

iCO"'Ci\/lfQQSiCO' —1V1—¢? Z\/ ¢i—1)? = (co -+ ci164)?.
i=1 i=1

Since ¢y = 1, by the Cauchy-Schwarz inequality, we obtain

n n
> Vo) = (co- i) < (| n > [(co--cimn)? = (co- - cimaci)?] = /n[l = (co- - cn)?).
=1 =1
O
41+T12 + 1+r12+r22 oot 1+712+ FanZ S 1f7r11‘2 + 1+z‘1$224‘—m22 oot 1+112|iil‘|‘+mn2'
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2.3 Increasing Function Theorem

Theorem 2.3.1. (Increasing Function Theorem) Let f : (a,b) — R be a differentiable function. If
f'(x) >0 for all x € (a,b), then f is monotone increasing on (a,b). If f'(x) > 0 for all x € (a,b), then f is
strictly increasing on (a,b).

Proof. We first consider the case when f/(z) > 0 for all z € (a,b). Let a < 21 < z3 < b. We want
to show that f(x1) < f(r2). Applying the Mean Value Theorem, we find some ¢ € (x1,2z2) such that
f(z2) — f(z1) = f'(¢)(x2 — 21). Since f'(c) > 0, this equation means that f(z2) — f(z1) > 0. In case when
f'(z) >0 for all z € (a,b), we can also apply the Mean Value Theorem to get the result. O

Problem 17. (Ireland 2000) Let x,y > 0 with x +y = 2. Prove that x2y?(2? + y?) < 2.

First Solution. After homogenizing it, we need to prove

6
2 (w;ry> > a2 (2? +y?) or (z+)° > 320797 (2% +12).

(Now, forget the constraint x+y = 2!) In case zy = 0, it clearly holds. We now assume that zy # 0. Because
of the homogeneity of the inequality, this means that we may normalize to zy = 1. Then, it becomes

1\° 1
<x+> > 32 <x2+2) or p*>32(p—2).
x x
where p = (z + %)2 > 4. Our job is now to minimize F(p) = p> — 32(p — 2) on [4,00). Since F'(p) =
3p? —32 >0, where p > /22, F is (monotone) increasing on [4,00). So, F(p) > F(4) =0 for allp > 4. O

Second Solution. As in the first solution, we prove that (z + y)® > 32(2? + y?)(zy)? for all x,y > 0. In case

x =y =0, it’s clear. Now, if 22 + 32 > 0, then we may normalize to z? + y? = 2. Setting p = zy, we have
2 2

0<p< % =1and (z +y)? = 22 + 9% + 22y = 2 + 2p. It now becomes

(24 2p)® > 64p> or p* —5p? +3p+1> 0.
We want to minimize F(p) = p* — 5p? + 3p+1 on [0,1]. We compute F'(p) =3 (p— 1) (p — 3). We find
that F is monotone increasing on [0, 3] and monotone decreasing on [,1]. Since F(0) =1 and F(1) = 0,

we conclude that F(p) > F(1) =0 for all p € [0,1]. O

Third Solution. We show that (z + y) > 32(2? + y?)(zy)? where z > y > 0. We make the substitution
u=x+y and v =x —y. Then, we have u > v > 0. It becomes

2 2 2 2\ 2
ub > 32 (u aal ) (u Y ) or ub > (u? +v?)(u? — v?)?%

2 4
Note that u? > u* —v? > 0 and that u? > u? —v? > 0. So, u® > (u? —v?)(u? —v?) = (u? +0?)(u? —0v?)2. O

Problem 18. (IMO 1984/1) Let x,y,z be nonnegative real numbers such that x +y + z = 1. Prove that
0<zy+yz+zz—2ayz < .

First Solution. Let f(x,y,2) = xzy + yz + zx — 2zyz. We may assume that 0 < z < y < z < 1. Since
T +y+ z = 1, this implies that z < % It follows that f(z,y,2) = (1 —3z)yz + zyz + 2z + xy > 0. Applying
the AM-GM inequality, we obtain yz < (y;“Z)2 = (1_795)2 Since 1 — 2x > 0, this implies that

2
1-— —223 + 22 +1
33) (1-9g) = 20 Fa2+1

Fa2) = oty +2) 201 = 20) < al1 =) + .

[\

(—22% + 22 + 1), where € [0,3]. Since

)= o forall z € [0, 1]. O

Our job is now to maximize a one-variable function F(x)

F'(z) =32 (1 —2) > 0on [0, 1], we conclude that F(z) < F(

1
1
1
27 \3 3
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(IMO 2000/2) Let a,b, c be positive numbers such that abc = 1. Prove that

e e e )=

Fifth Solution. (based on work by an IMO 2000 contestant from Japan) Since abc = 1, at least one of a, b,
c is greater than or equal to 1. Say b > 1. Putting ¢ = ﬁ, it becomes

1 1 1
— — — — — | <
<a 1+b>(b 1+ab)<ab 1+a>_1

a’b® — a?b® — ab® — a®b® + 3ab®> —ab+ 0> -2 —b+1>0.

or

Setting x = ab, it becomes f,(x) > 0, where
fot) =3 +b° — 0%t —bt? +3bt —t* —b* —t — b+ 1.

Fix a positive number b > 1. We need to show that F(t) := fp(t) > 0 for all ¢t > 0. It follows from b > 1
that the cubic polynomial F(t) = 3t — 2(b+ 1)t — (b — 3b + 1) has two real roots

b4+1—+v4b2 —7b+4 b+14+v4b2 —7b+4
3 and \ = 3 .

Since F' has a local minimum at ¢t = A, we find that F(¢t) > Min {F(0), F(\)} for all ¢t > 0. We have to
prove that F(0) > 0 and F(A\) > 0. We have F(0) = 5> —b?>—b+1= (b—1)%(b+1) > 0. It remains to show
that F(\) > 0. Notice that ) is a root of F/(t). After long division, we get

1 1\ 1
F(t) = F'(t) <3t - b;) + 5 (=86 + 14b — 8)t + 86° — 7b* — 7b + 8) .

Putting ¢t = X\, we have
1
F() =5 (=80 + 14b = )A + 86" — 70" — Tb + 8).

Thus, our job is now to establish that, for all b > 0,

b+1+v4b2 —Tb+4
3

(8b2+14b8)< >+8b37b27b+820,

which is equivalent to

166 — 15b% — 150 + 16 > (8b% — 14b + 8)\/4b2 — T+ 4 .
Since both 16b% — 15b% — 15b + 16 and 8b% — 14b + 8 are positive,® it’s equivalent to
(160> — 150 — 15b + 16)% > (8b? — 14b + 8)*(4b* — b + 4)

or

864b° — 3375b* + 502203 — 337567 + 864b > 0 or 864b* — 3375b% + 502267 — 3375b + 864 > 0.
Let G(z) = 8642* — 33752 + 502222 — 3375z + 864. We prove that G(z) > 0 for all x € R. We find that

G'(x) = 34562% — 1012522 + 100442 — 3375 = (x — 1)(34562% — 6669z + 3375).

Since 345622 — 6669z + 3375 > 0 for all z € R, we find that G(z) and  — 1 have the same sign. It follows
that G is monotone decreasing on (—oo, 1] and monotone increasing on [1,00). We conclude that G has the
global minimum at = 1. Hence, G(z) > G(1) =0 for all z € R. O

5Tt’s easy to check that 1663 — 1562 — 15b + 16 = 16(b% — b2 — b+ 1) + b2 +b > 16(b> — 1)(b— 1) > 0 and 8b% — 14b+ 8 =
8(b—1)2 +2b> 0.
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2.4 Establishing New Bounds

We first give two alternative ways to prove Nesbitt’s inequality.
(Nesbitt) For all positive real numbers a, b, ¢, we have

a . b 4 c >§
b+c c+a a+b ™2

2
Proof 4. From (ﬁ — %) > 0, we deduce that

a b%fc—l_ 8a—b—c

1
btc 4 g t1 4dlatbte)

v

It follows that

a 8a—b—c 3
> — -
ZbJrc_Z_él(awLbJrc) 2

cyclic cyclic

Proof 5. We claim that

(M)

a 3a
Z 3
b+c 2(a§+b

e
Nl

or 2<a%+b +c%> >3a2(b+c).

o

+c%)

The AM-GM inequality gives a® 403 +b3 >3a2b and a®+cd +c2 > 3adc. Adding these two inequalities
yields 2 (a% +b3 4 c%) > Sa%(b + ¢), as desired. Therefore, we have

a 3 az 3
> 2 e 2
Zb+c*2 3 3 2

3
2
cyclic cyclic tc

Some cyclic inequalities can be proved by finding new bounds. Suppose that we want to establish that
> Flx,y,2)>C.
cyclic
If a function G satisfies

(1) F(z,y,2) > G(z,y, 2) for all z,y,z > 0, and
(2) chchc G(z,y,z) = C for all z,y,z > 0,

then, we deduce that

Z F(z,y,z) > Z G(z,y,z) =C.

cyclic cyclic

For example, if a function F' satisfies

x
F."I), ) 2 27
( 4 ) r+y+z

for all x,y, z > 0, then, taking the cyclic sum yields
Z F(z,y,z) > 1.
cyclic
As we saw in the above two proofs of Nesbitt’s inequality, there are various lower bounds.
Problem 19. Let a, b, ¢ be the lengths of a triangle. Show that

a b c

+ + < 2.
b+c c+a a-+bd
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Proof. We don’t employ the Ravi substitution. It follows from the triangle inequality that

> e < X Tarieg

a
=2
cyclic 2 (a +bo+ C)

cyclic

O

One day, I tried finding a new lower bound of (z +y + 2)? where z,y, z > 0 . There are well-known lower
bounds such as 3(xy + yz + zz) and 9(xyz)% But I wanted to find quite different one. I tried breaking the
symmetry of the three variables x,y, z. Note that

(x+y+2)?2=a’ 4+ + 22 +ay+ay+yz+yz+ 20+ 22,
I applied the AM-GM inequality to the right hand side except the term z?

y2+22+a:y+xy+yz+yz+zx+zx > 8x%y1z
It follows that

3
4 .
(z+y+2)? > 2? +8x7yizl

z? (x% + 8y%z%> .
(IMO 2001/2) Let a, b, ¢ be positive real numbers. Prove that

a

b

c
+ + >1
VaZ+8bc Vb2 +8ca 2+ 8ab

Second Solution. We find that the above inequality also gives another lower bound of x + y + z, that is,

T+y+z> \/gcé (33% +8y%z%>.
It follows that

X

- > B ———
3 3 3 - Z 1
cyclic \/x2 4+ 8y1z4

cyclic Tyt
After the substitution z = a3 Y = b%,

4.
and z = ¢3, it now becomes

a
- > 1.
Z Va2 +8be —

cyclic

O
5 2

Problem 20. (IMO 2005/3) Let z, y, and z be positive numbers such that xyz > 1. Prove that
25— Yo — 42

N 25 52
x5+y2+22

+ > 0.
Yo+ 22+ a2 S a4y T
First Solution. It’s equivalent to the following inequality

2_ .5 2 _ .5 2 _ 5
-z Y’ —y 22—z
—_— +1 - +1 — +1) <3
<x5+y2+22+ >+(y5+22+x2+ )+(z5+x2+y2+ )
or
eyt 2% P42yt 420
o5+ y2 422 Y5+ 22 4 22

3.
254w +y? T
With the Cauchy-Schwarz inequality and the fact that zyz > 1, we have

2 2 2
L e I R =

yz+y*+2°
I5+y2+22 *m2+y2+22'
Taking the cyclic sum and 22 + y? + 22 > zy + yz + 22 give us
2+ 2+ 22 2?4+ y? 422 2?4y 422 Ty +yz + 2w
$5+y2+22 y5+22+$2 Z5+$2+y2_ I2+y2+22_



Second Solution. The main idea is to think of 1 as follows :
25 Y 5 22 y? 52
5202 5.2 T 5 s el s s st 2 T 5 21 .2
2+ Yy +z yw+zo+x 22+ x+y 2+ Yy +z yw+zi+x 22+ x+y
We first show the left-hand. It follows from y? + 2% > 332 + y23 = yz(y? + 2?2) that

x° x° x?

> = .
x5+y2+z2_x5+xy4+xz4 $4+y4+24

z(yt + 24 > zyz(y® + 22) > 2 + 2% or

Taking the cyclic sum, we have the required inequality. It remains to show the right-hand.
[First Way] As in the first solution, the Cauchy-Schwarz inequality and xyz > 1 imply that

2% (yz +y? + 2?) S x?
(1'2+y2+22)2 - x5+y2+22'

(@ +y* +22)yz+y* +2%) > (@ +y* +2°)° or

Taking the cyclic sum, we have
2

2 2 2
S Y s
(1:2_|_y2_|_22)2 I5+y2+22

cyclic cyclic

Our job is now to establish the following homogeneous inequality

2 (yz +y* + 2°) 20,2, .2\2 2,2 2 4 2
1> Y DU D) LY e Y e Yt Y e
v ye+z cyclic cyclic cyclic cyclic

cyclic

However, by the AM-GM inequality, we obtain

Zx4: Z x4—;y4 > szyQZ ng <y2ﬂ2—22> > Znyz.

cyclic cyclic cyclic cyclic cyclic

[Second Way] We claim that

2zt + yt + 24 + da?y? + 42222 S x2
4(a? +y? +22)? Ty 42
We do this by proving
204 4yt 4 24 4 422y + 42222 z2yz
4(£E2 +y2+22)2 — {E4+y32+y23
because zyz > 1 implies that
z2yz B z? S z?
4 3 3 b = 5 2 2°
5+ Yz +yz ﬁ+y2+22 2+ Yy +z

Hence, we need to show the homogeneous inequality
(22* 4+ oyt 4 2t + 4ay? + 42%2?) (2t + P2 + y2®) > daPyz(a® + P + 22
However, this is a straightforward consequence of the AM-GM inequality.
(22* 4yt + 21+ 4a?y? + 42?22) (2t + P2 Fy2?) — datyz(a? + P+ 27)2
= (@B oyt Faby? a0y 4y e+ y320) + (% 4+ atet 4 a%22 4 aB22 4y 4523
+2(25¢% + 252%) — 621932 — 62ty2® — 22092
63/28 - atyt - aby2 a6y Tz Y325 4+ 69/aB - wtzt 1622 4622 . 2T - Y523

a6y2 - 1622 — 6ty — 6ty — 225y2

vV

= 0.
Taking the cyclic sum, we obtain
1= Z 20t 4yt 4+ 24 4 4x?y? + 42222 S Z x2 .
_ d(z? +y? + 22)2 < 25+ y? 4 22
cyclic cyclic
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Third Solution. (by an IMO 2005 contestant Iurie Boreico® from Moldova) We establish that

1‘5—1‘2 .135—.732

x5+y2+22

Tl (a? 4y +22)

It follows immediately from the identity
(2% — 1)222(y? + 22)

x® — 2 x® — 2 B
P4 y?+22 (a2 +y? +22)  ad(a? 4y 4 22)(ad + Y2+ 22)
Taking the cyclic sum and using zyz > 1, we have
x® — 22 1 1 1
> L L —— 2 > 0.
Zx5+y2+z2_x5+y2+z2 (a: x>_x5+y2+z2z(m y2) 2
cyclic cyclic

cyclic

Exercise 5. (USAMO Summer Program 2002) Let a, b, ¢ be positive real numbers. Prove that

2 2 2
2a \?3 2b 3 2c \?3
+ + > 3.
c+a a+b

b+c

2
(Hint. [TJM]) Establish the inequality (%) ' >3 (ﬁ)

Exercise 6. (APMO 2005) (abc =8, a,b,c > 0)
b? c? 4
>
—3

* V(I + )1+ a?)

a

+ - -
(1+a®)(1+0)  JA+b)(1+c3)
to give a lower bound of the left hand side.

(Hint.) Use the inequality ﬁ > 2—1-%

6He received the special prize for this solution.
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Chapter 3

Homogenizations and Normalizations

Every Mathematician Has Only a Few Tricks. A long time ago an older and well-known number theorist made
some disparaging remarks about Paul Erdés's work. You admire Erdos’s contributions to mathematics as much as I
do, and I felt annoyed when the older mathematician flatly and definitively stated that all of Erdos's work could be
reduced to a few tricks which Erdds repeatedly relied on in his proofs. What the number theorist did not realize is
that other mathematicians, even the very best, also rely on a few tricks which they use over and over. Take Hilbert.
The second volume of Hilbert's collected papers contains Hilbert' s papers in invariant theory. I have made a point of
reading some of these papers with care. It is sad to note that some of Hilbert's beautiful results have been completely
forgotten. But on reading the proofs of Hilbert's striking and deep theorems in invariant theory, it was surprising to
verify that Hilbert's proofs relied on the same few tricks. Even Hilbert had only a few tricks! Gian-Carlo Rota,
Ten Lessons I Wish I Had Been Taught, Notices of the AMS, January 1997

3.1 Homogenizations

Many inequality problems come with constraints such as ab =1, zyz = 1, t+y+2z = 1. A non-homogeneous
symmetric inequality can be transformed into a homogeneous one. Then we apply two powerful theorems :
Shur’s inequality and Muirhead’s theorem. We begin with a simple example.

Problem 21. (Hungary 1996) Let a and b be positive real numbers with a +b = 1. Prove that
a? b2 1
— + > -
a+1 b+173

Solution. Using the condition a 4+ b = 1, we can reduce the given inequality to homogeneous one, i. e.,

a? b2

1

- +

37 (a+d)(a+ (a+b) (a+b)(b+(a+b))
which follows from (a®+b%) — (a?b+ab?) = (a—b)?*(a+b) > 0. The equality holds if and only ifa =b = 3. O

or a?b+ ab® < a® + b2,

IN

The above inequality a?b + ab? < a® + b> can be generalized as following :

Theorem 3.1.1. Let ay,as, by, by be positive real numbers such that a1 + ag = by + by and max(ay,as) >
max(by,b2). Let x and y be nonnegative real numbers. Then, we have x%y®? 4 x92y= > pbrybz 4 gb2gbr,

Proof. Without loss of generality, we can assume that a; > ag,b; > bs,a7 > b1. If x or y is zero, then
it clearly holds. So, we assume that both x and y are nonzero. It follows from a; + as = by + by that
a; —as = (by —az) + (ba — az). It’s easy to check

Ialyaz + l‘a2ya1 _ I,blbe _ l‘bzybl — zasz«Q (malfag + yalfag _ Iblfazyb2*a2 _ xbzfazyblfaz)
_ $a2ya2 (mbl_“ _ ybl—a2) (xbz—az _ ybz—a2)
1
_ b1 _ b1 by _ b2
- xagyag (m Y ) (m Y ) Z 0.
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Remark 3.1.1. When does the equality hold in the theorem 8%

We now introduce two summation notations > ;. and 3 . Let P(z,y, 2) be a three variables function
of x, y, z. Let us define :

> P(x,y,2) = P(x,y,2) + Py, 2,7) + P(,2,y),

cyclic

sym

For example, we know that

Z 23y = 23y + 32 + 2z, Zx3:2(x3+y3+z3)

cyclic sym
Z 2, _ .2 2 2 2 2 2 _
r'y=zy+rz+yzt+yr+zr+zy, nyz-(ixyz.
sym sym

Problem 22. (IMO 1984/1) Let x,y,z be nonnegative real numbers such that x +y + z = 1. Prove that
0<a2y+yz+zex—2zyz < 2—77 .

Second Solution. Using the condition = + y + z = 1, we reduce the given inequality to homogeneous one, i.
e.,

7 [
O§(wy+yz+zx)(x+y+z)f2xyz§2—7(x+y+z)3.

The left hand side inequality is trivial because it’s equivalent to

0<zyz+ Zny.

sym

The right hand side inequality simplifies to

7 Z Q:3+15xyz—629:2y20.

cyclic sym
In the view of
7Zx3+15zy2762z2y: QZ:E?’—Z:Ezy +5 3zyz+2m3—2x2y ,
cyclic sym cyclic sym cyclic sym

it’s enough to show that

2 Z x> Z:z:Qy and 3zyz + Z x? Zszy.

cyclic sym cyclic sym

We note that

23 2P -2ty =) (@ +°) - Y (@ytay’)= D @+’ -2ty —ay) >0

cyclic sym cyclic cyclic cyclic

The second inequality can be rewritten as

Y wlz—y)z—2) =0,

cyclic
which is a particular case of Schur’s theorem in the next section. O

After homogenizing, sometimes we can find the right approach to see the inequalities:

27



(Iran 1998) Prove that, for all z,y, z > 1 such that % + % + % =2,

VItytz>vVo—1+yy—1+vVz—1

Second Solution. After the algebraic substitution a = %, b= %, c= %, we are required to prove that

1 1 1 1—-a 1-0 1-c
-4+ -4+-=> + + y
a b ¢ a b c

where a,b,c € (0,1) and a+b+c¢ = 2. Using the constraint a+b+c = 2, we obtain a homogeneous inequality

1 1 1 1 atbte _ o atbte _ g atbte _
- _ - Z ) > 2 2 2
\/2(a+b+c)<a+b+c)_\/ a +\/ b + c
1 1 1 b — —b b—
(atb+e)( =+ +- 2\/+C a+\/c+a +\/a+ ‘
a b ¢ a b c

which immediately follows from the Cauchy-Schwarz inequality

\/[(b+c—a)+(c+a—b)+(a+b—c)]<i+2+i>Z\/b+2—a+\/c+z—b+\/a+i)_c-

or
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3.2 Schur’s Inequality and Muirhead’s Theorem

Theorem 3.2.1. (Schur) Let x,y, z be nonnegative real numbers. For any r > 0, we have

Z " (x —y)(x—2z) > 0.

cyclic

Proof. Since the inequality is symmetric in the three variables, we may assume without loss of generality
that x > y > z. Then the given inequality may be rewritten as

(z—y)lz"(x—2) -y (y—2)+2"(x-2)(y—2) 20,

and every term on the left-hand side is clearly nonnegative. O

Remark 3.2.1. When does the equality hold in Schur’s Inequality?

Exercise 7. Disprove the following proposition: For all a,b,c,d > 0 and r > 0, we have
a"(a—b)la—c)a—d)+b"(b—c)b—d)(b—a)+ " (c—a)(c—c)(a—d)+d"(d—a)(d—b)(d—c)>0.
The following special case of Schur’s inequality is useful :

Z zx—y)(zr—2) >0 & 3zyz+ Z 3 > szy & Zwyz—i—Zx?’ > 2Zx2y.
cyclic cyclic sym sym sym sym

Corollary 3.2.1. Let x,y, z be nonnegative real numbers. Then, we have

3
2

Bayz+2® +yt + 20 2 2 ((an)F + (92) + (22)).

e

Proof. By Schur’s inequality and the AM-GM inequality, we have

3ryz + Z x> Z 22y + xy® > Z 2(xy)%

cyclic cyclic cyclic

We now use Schur’s inequality to give an alternative solution of

(APMO 2004/5) Prove that, for all positive real numbers a, b, ¢,

(a® +2)(b* +2)(c* +2) > 9(ab + bc + ca).
Second Solution. After expanding, it becomes
8 + (abc)? + 2 Z a’b? +4 Z a’>>9 Z ab.

cyclic cyclic cyclic

From the inequality (ab — 1) + (bc — 1)? + (ca — 1)? > 0, we obtain

6+2> a®*>4> ab.
cyclic cyclic

Hence, it will be enough to show that

2 + (abc)? + 4 Z a>>5 Z ab.

cyclic cyclic

Since 3(a? + b? + ¢?) > 3(ab + bc + ca), it will be enough to show that

2 + (abc)® + Z a222z ab,

cyclic cyclic

which is a particular case of the following result for t = 1. O
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Corollary 3.2.2. Lett € (0,3]. For all a,b,c > 0, we have

(B—t)+t(abe)? + Y a?>2 > ab.

cyclic cyclic

In particular, we obtain non-homogeneous inequalities

g + —(abe)* + a® + b + 2 > 2(ab + be + ca),

N

2+ (abc)® + a® + b + 2 > 2(ab + be + ca),
1+ 2abc + a® + b + ¢ > 2(ab + be + ca).

Proof. After setting z = a%, Y= b§, z= c§, it becomes

3—t+t(scyz)% + Z 2 >2 Z (xy)%
cyclic cyclic
By the corollary 1, it will be enough to show that

3
t

3—t+t(xyz)t > 3zyz,

which is a straightforward consequence of the weighted AM-GM inequality :

3—t t 3 5ot 5
5 1+ g(xyz)t >1s ((J:yz)t) = 3xyz.
One may check that the equality holds if and only ifa =b=c=1

(IMO 2000/2) Let a,b, c be positive numbers such that abc = 1. Prove that

e e re) =

Second Solution. It is equivalent to the following homogeneous inequality! :

<a — (abe)'/? + W;“) <b — (abe)Y/® + (abcc)2/3) (c — (abe)'® + (abca)2/3> < abe.

After the substitution a = 23,b = 33, ¢ = 23 with z,y, z > 0, it becomes

2 2 2
(x3 —zyz + (xy;) ) (y3 —zyz + (z92) ) <z3 —ryz + (xyg) ) < 2%y?2°,
y X

23
which simplifies to
(2%y — y°2 + 2°2) (P2 — 222 + 2%y) (P2 — 2%y + y°2) < 2Py°2°

or
3$3y323+ § xﬁy?) > § .’E4y42+ § : $5y222
cyclic cyclic cyclic

or

3(2°y)(¥°2) (%) + > (2%y)® = (2y)*(v*2)

cyclic sym

which is a special case of Schur’s inequality.

Here is another inequality problem with the constraint abc = 1.

1For an alternative homogenization, see the problem 1 in the chapter 2.
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Problem 23. (Tournament of Towns 1997) Let a,b, ¢ be positive numbers such that abc = 1. Prove that

1 1 1
<1
a+b+1+b+c+1+c+a+1 -

Solution. We can rewrite the given inequality as following :

1 1 1 1
< .
a+ b+ (abc)l/3 * b+ c+ (abc)'/3 * c+a+ (abc)l/3 — (abc)l/3

We make the substitution a = 23,b = 33, ¢ = 22 with z,y, 2 > 0. Then, it becomes

1 1 1
a:3+y3+xyz+y3+z3+xyz+z3+x3+myz

1
S -
Tyz
which is equivalent to
zyz Y (2% + P+ ay2) (Y + 2+ ayz) < (2 + 07 + ) (VP + 2+ ayz) (2P + 2P+ ayz)
cyclic

or

Z$6y3 > Z$59222 1

sym sym
We apply the theorem 9 to obtain

fosy:s _ Zx6y3+y6x3

sym cyclic

Z x5y4 + y5x4

cyclic

= Y+

cyclic

> Z 22 (222 + 4222)

cyclic

= Zx5y2z2.

sym

Y

Exercise 8. ([TZ], pp.142) Prove that for any acute triangle ABC),
cot® A + cot® B + cot® C' + 6 cot A cot B cot C > cot A + cot B + cot C.
Exercise 9. (Korea 1998) Let I be the incenter of a triangle ABC. Prove that

BC? + CA? + AB?
3 .
Exercise 10. ([IN], pp.103) Let a,b, ¢ be the lengths of a triangle. Prove that

TA2 +IB?>+I1C? >

a’b+ a*c+b*c +b%a + cta + b > a® + % + & + 2abe.
Exercise 11. (Surdnyi’s inequality)) Show that, for all z1,--- , 2, >0,
(n—1)(z1" + - z,") gz > (214 2) (2" 2, ).
Theorem 3.2.2. (Muirhead) Let a1, a9, as, by, ba, bs be real numbers such that
ay > az > a3 > 0,bp > by >b3>0,a1 > b1,a1 + a2 > by +b2,a1 + az + a3 = by + ba + bs.

Let x,y, z be positive real numbers. Then, we have Y x%1y%2z% > Zsym abryb2 zbs,

sym
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Proof. Case 1. by > as : It follows from a1 > a1 +as —by and from ay > by that a; > max(ay +as —b1,b1) so
that max(ai,as) = a; > max(ay+as—b1,by). From a1 +as—by > by+as—b; = az and a;+as—by > by > bs,
we have max(a; + ag — by, a3) > max(be, bs). Apply the theorem 8 twice to obtain

Z xal yazzag — Z Za3 (xal yaz + xag yal)

sym cyclic

Z 503 ( ai1+az—by b1 _|_mb1 a1+az— 51)

cyclic

— Z 20 (ya1 +az—b1 a3 4 yas L1 +a2—b1>

cyclic

Z Z by ( ba b3 +yb32b2)

cyclic

— E xbl b2 b

sym

Y

Case 2. by < ag : It follows from 3by > by + by + b3 = a1 + as + asz > by + as + as that by > as +a3 — by
and that a; > a2 > by > as + az — b;. Therefore, we have maz(az,a3) > max(by,as + az — by) and
maz(ay,as + ag — by) > max (b, bs). Apply the theorem 8 twice to obtain

Z ™ yag 208 — Z 7 (yag 293 4 yag Zag)

sym cyclic

Z pt! (ybl Za2+(13—b1 + ya2+a3—b1 Zbl)

cyclic

— § : yb1 (xa1 »aztaz—by + xaz+a3—blza1)

cyclic

> Z yb1 (be 2bs 4 s ZbQ)

cyclic

— E xbl b2 b

sym

v

O

Remark 3.2.2. The equality holds if and only if v =y = z. However, if we allow x =0 ory =0 or z =0,
then one may easily check that the equality holds when a1, aq,a3 > 0 and by, ba, bs > 0 if and only if

r=y=zor x=y,2=0o0r y=2z, =0 o0or z=2, y=0.
We can use Muirhead’s theorem to prove Nesbitt’s inequality.

(Nesbitt) For all positive real numbers a, b, ¢, we have

a L b n c >§
b+c c+a a+b~ 2

Proof 6. Clearing the denominators of the inequality, it becomes

22 (a+b)(a+c)>3(a+b)(b+c)(c+a) or Za?’ZZaQb.
cyclic sym sym

(IMO 1995) Let a, b, ¢ be positive numbers such that abc = 1. Prove that

1 n 1 + 1 3
ad(b+c) b(c+a) Ala+d)
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Second Solution. It’s equivalent to

1 1 1 3
> .
a’(b+c) * b3(c+a) * c3(a+b) ~ 2(abc)t/3

Set a = 23,b = y3,¢ = 2° with 2,9,z > 0. Then, it becomes Ecyclic wg(y31+z3) > 2I4Z4Z4. Clearing
denominators, this becomes
wa 12+22x12y9z3 +Zx9y926 > 3Zx11y 25 4 6aBy8s8
sym sym sym sym
or
(qu 12 an 8 5>+2<Z$12 9,3 lel 8 5) <Z$9 9,6 st 8 8) >0,
sym sym sym sym sym sym
and every term on the left hand side is nonnegative by Muirhead’s theorem. O

Problem 24. (Iran 1996) Let x,y, z be positive real numbers. Prove that

1 1 1 9
(zy +yz + 22) (<x+y>2 ThreE <z+x>2> =

Proof. Tt’s equivalent to
4217 Y+ 2 Z zhyz 4 622y 2> Zx4y2 —6 Z 33 7221:31/22 > 0.
sym cyclic sym cyclic sym
We rewrite this as following
(Z oy — Zx4y2> +3 <Z oy — Zx3y3> + 2zyz | 3zyz + Z x3 — ZIZy > 0.
sym sym sym sym cyclic sym
By Muirhead’s theorem and Schur’s inequality, it’s a sum of three nonnegative terms. O

Problem 25. Let x,y, z be nonnegative real numbers with xy + yz + zx = 1. Prove that

1 1 1
+ + >
r+y y+z Z+x

N | Ot

Proof. Using xy + yz + zx = 1, we homogenize the given inequality as following :

oyt yeto) (L1 AN
T z+ zx =
gy z+y y+z z+z —\2

or
4 Z oy + Z zhyz 4 14 Z 3%z 4 38x%y%2% > Z zhy? +3 Z 33
sym sym sym sym sym
or
(Z oy — Zx4y2> +3 (Z 0y — Z x3y3> + xyz <Z 3+ 142 2y + 38xyz> > 0.
sym sym sym sym sym sym

By Muirhead’s theorem, we get the result. In the above inequality, without the condition zy + yz + zx = 1,
the equality holds if and only if t =y,2=0 or y=2z,2=0 or z=x,y =0. Since zy + yz + zx = 1, the
equality occurs when (z,y,2) = (1,1,0),(1,0,1),(0,1,1). O

33



3.3 Normalizations

In the previous sections, we transformed non-homogeneous inequalities into homogeneous ones. On the other
hand, homogeneous inequalities also can be normalized in various ways. We offer two alternative solutions
of the problem 8 by normalizations :

(IMO 2001/2) Let a, b, ¢ be positive real numbers. Prove that

a b c

+ + >1
Va2 +8be Vb2 +8ca 2+ 8ab

b _ c

Third Solution. We make the substitution z = aﬁ)H, Y= artrer ¥ = arige

2 The problem is

of(x? + 8y2) + yf(y?* + 8zx) + 2f (22 + 8xy) > 1,
where f(t) = ﬁ Since f is convex on RT and z + y + z = 1, we apply (the weighted) Jensen’s inequality
to obtain
zf(x? + 8yz) + yf(y? + 82x) + 2f (22 + 8xy) > f(x(x? + 8yz) + y(y? + 82z) + 2(2% + 8xy)).
Note that f(1) = 1. Since the function f is strictly decreasing, it suffices to show that
1> a(2? + 8yz) + y(y* + 8zx) + 2(2% + 8xy).

Using = +y + 2z = 1, we homogenize it as (z +y + 2)% > z(2? + 8yz) + y(y* + 82x) + 2(2? + 8zy). However,
this is easily seen from

(x+y+2)° —2(x? +8yz) —y(y? + 82x) — 2(2* 4+ 8xy) = 3[x(y — 2)* + y(z — 2)® + z(z — y)?] > 0.

In the above solution, we normalized to x + y + z = 1. We now prove it by normalizing to zyz = 1.

Fourth Solution. We make the substitution x = %, Yy=13,2= %3 Then, we get zyz = 1 and the inequality

becomes
1 1 1

+ + >1
V1i+8z V1+8y V1+82

which is equivalent to

> V@ +8x)(1+8y) > V/(1+8x)(1+8y)(1 + 82).

cyclic

After squaring both sides, it’s equivalent to

8(z +y+ 2) + 2¢/(1 + 82)(1 + 8y)(1 + 82) Z V1+ 8z > 510.

cyclic
Recall that xyz = 1. The AM-GM inequality gives us x +y + 2z > 3,

(1+82)(1+8y)(1+82) > 925 - 9y5 - 925 =729 and Y VI+8z> Y V925 >9(ayz)? =0.
cyclic cyclic

Using these three inequalities, we get the result. O

(IMO 1983/6) Let a, b, ¢ be the lengths of the sides of a triangle. Prove that

a*b(a — b) + b%c(b — ¢) + c*a(c —a) > 0.

a
2Dividing by a 4 b + ¢ gives the equivalent inequality chclic = atbte = > 1.
a c
\/<a+b+c)2 T latora?
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Second Solution. After settinga=y+ 2, b=z2+4+x, c=x+y for z,y,z > 0, it becomes

. . x?2  y? 22
x32+y3x+z3y2x2yz+xy2,z+:z:y22 oo —+—+4+—2>x+y+=z
Y z T

Since it’s homogeneous, we can restrict our attention to the case z + y 4+ z = 1. Then, it becomes

0t (2) w51 (2) + 01 (2) 21

where f(t) = t2. Since f is convex on R, we apply (the weighted) Jensen’s inequality to obtain

yf<z>+2f(i/)+:rf(;) 2f<y~z+zé’+x~;> = f(1)=1.

Problem 26. (KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,

V/(a2b + b2c + c2a) (ab? + be2 + ca2) > abe + 3/ (a® + abe) (b3 + abe) (3 + abe)

First Solution. Dividing by abe, it becomes

a b ¢\[(c a b 5/ [ a2 b2 c?
-+ -+ - —+-+-) >abc+ —+1 —+1 —+1].
c a b a b ¢ be ca ab

After the substitution r = ¢, y = L <, we obtain the constraint ryz = 1. It takes the form

c?

\/(x+y+z)(xy+yz+zx)>l+(’/(j—i—l) (%4‘1) <;+1>.

From the constraint xyz = 1, we find two identities

(%4—1) (%Jrl) (;H) = <sz) <y1x> <Zzy) = (z+2)(@+y)(y+2),

(r+y+2)(ey+yz+ze)=(@+y)y+2)(z+z)+ayz=(r+y)y+2)(z+2) + 1

Letting p = ¢/(z +y)(y + 2)(2 + z), the inequality now becomes /p> +1 > 1+ p. Applying the AM-GM
inequality, we have p > </21 /T - 2\/YZ - 2y/zx = 2. Tt follows that (p3+1)—(1+p)? = p(p+1)(p—2) > 0. O

Problem 27. (IMO 1999/2) Let n be an integer with n > 2.

(a) Determine the least constant C' such that the inequality

Z zixi(x? + :c?) <C Z x;

1<i<j<n 1<i<n

holds for all real numbers x1,--- ,x, > 0.
(b) For this constant C, determine when equality holds.

First Solution. (Marcin E. Kuczma3) For z1 =--- =z, =0, it holds for any C > 0. Hence, we consider
the case when x1 4 - -+, > 0. Since the inequality is homogeneous, we may normalize to 1 +---+x, = 1.
We denote
F(xy, - ,xy) = Z zixi(x? + xf)
1<i<j<n

31 slightly modified his solution in [Au99].
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From the assumption x1 + --- + x,, = 1, we have

F(Jfl, te ,J?n) = Z 337;3Ij + Z JUZ‘I]‘B = Z JZ,L-B in = Z xiS(l — g;z)

1<i<j<n 1<i<j<n 1<i<n i 1<i<n

—Em -—xz

We claim that C = %. It suffices to show that

1 11
F < —F(z.Z0....0).
(xla , T )_8 <2a27 ’ a)
Lemma 3.3.1. 0 <z <y < 1 implies 2% — 23 < y? — 3.

Proof. Since z +y < 1, we get * +y > (z +y)? > 22 + 2y + y*>. Since y — x > 0, this implies that
2 2 3_ .3 2 _,3 2 3 :
y*—x° >y’ —x° or y* —y° > x° —x°, as desired. O

Casel. s >x1>20> >y

S (OR O

1
2

Case 2. x12%2x22~~2xnLetmlzxandyzlfx:a:2+~~~+a:n. Since y > xo,-+ , T,
F(wlv"’ *xy‘i’zxz Zi 7:131 <1’y+ley *y)*xy‘i’y(y *y)
=2

Since 23y +y(y? —v3) = 22y + y3(1 — y) = 2y(2? + y?), it remains to show that

zy(a® +y°) < 3

Using © +y = 1, we homogenize the above inequality as following.

1
wy(a® +y%) < glo+ )t

However, we immediately find that (xz + y)* — 8zy(z? + y?) = (z — y)* > 0.

Exercise 12. (IMO unused 1991) Let n be a given integer with n > 2. Find the mazimum value of
Y wi(w ),
1<i<j<n
where x1, -+ ,xn, >0 and x1 + -+ x, = 1.

We close this section with another proofs of Nesbitt’s inequality.

(Nesbitt) For all positive real numbers a, b, ¢, we have

a n b n c >3
b+c¢c c+a a+b "2

Proof 7. We may normalize to a + b+ ¢ = 1. Note that 0 < a,b,c < 1. The problem is now to prove

b = Z fla) > g, where f(zx) = a

1—2a

cyclic cyclic

Since f is conver on (0,1), Jensen’s inequality shows that

2 @z () =i (3) =5 o T i@

cyclic cyclic

l\D\OJ
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Proof 8. (Cao Minh Quang) Assume that a+b+c=1. Note that ab+bc+ca < 2(a+b+c)? = 5. More
strongly, we establish that

a b c 9
>3_Z
5 c+c + A 3 2(ab+bc+ca)

a +9a(b+c) n b +9b(c—|—a) N ¢ +9c(a—|—b) >3
b+c 4 c+a 4 a+b 4

The AM-GM inequality shows that

a 9a(b+ c) a 9a(b+c)
> — = =J.
2ogretTa XN T T2 ke

cyclic cyclic cyclic

or

Proof 9. We now break the symmetry by a suitable normalization. Since the inequality is symmetric in the
three variables, we may assume that a > b > c. After the substitution v = %,y = %, we have x >y > 1. It
becomes
T Y 3 1

>

y+1+:c+1_2_:v+y'

1 3
+%2§ or

+O\®‘
—_
ole

c C

We apply the AM-GM inequality to obtain

1 1 1 1
T TR R A .
y+1 x+1 y+1 z4+1 y+1 z+4+1

It’s enough to show that

1 1>3 1

n 1 S 1 1 y—1 y—1
y+1 z4+17 2 x4y

1
2 - = - & > .
2 y+1 - z+1 z+y 21+y) = (z+1)(z+vy)

=

Howewver, the last inequality clearly holds for x > y > 1.
Proof 10. As in the previous proof, we may normalize to ¢ = 1 with the assumption a > b > 1. We prove

a n b n 1 >§
b+1 a+1 a+b 2

Let A=a+0b and B = ab. It becomes

a2+’ +a+b 1 3 A2—-2B+ A4 1
+ > 5 0o —/—F——+ —
(a+D)(b+1) a+b— 2 A+B+1 A

> or 243 — A2 - A4+2>B(TA-2).

N W

Since TA—2>2(a+b—1) >0 and A% = (a +b)? > 4ab = 4B, it’s enough to show that
4(2A% — A2 —A+2)> A%(TA-2) & A3 —24% —4A+8>0.

However, it’s easy to check that A3 —2A? —4A+8 = (A—2)%(A+2)>0.
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3.4 Cauchy-Schwarz Inequality and Holder’s Inequality
We begin with the following famous theorem:
Theorem 3.4.1. (The Cauchy-Schwarz inequality) Let ai, - ,an, b1, , by, be real numbers. Then,

(@ 4o+ @) (b o+ B0®) = (arby 4+ ab)’.

Proof. Let A = Va2 + -+ an2 and B = \/b1? 4+ --- 4+ b,%. In the case when A = 0, we get a3 = -+ =

an, = 0. Thus, the given inequality clearly holds. So, we may assume that A, B > 0. We may normalize to
l=a’+ - 4a2=b 4 - +0b,>

Hence, we need to to show that
\albl + 4 anbn| S 1.

We now apply the AM-GM inequality to deduce

2 2 2 2
r1° + Tp® +
1y + o+ Tl < o]+ o] < T F 4 I =1

Exercise 13. Prove the Lagrange identity :
n n n 2
(S0) (320) - (o) = 5wt
i=1 i=1 i=1 1<i<j<n

Exercise 14. (Darij Grinberg) Suppose that 0 < a1 < -+ < a,, and 0 < by < --- < b, be real numbers.

Show that 2, 2 N n n 2
() @) - @) ) (e

Exercise 15. ([PF], S. S. Wagner) Let a1, -+ ,an, b1, ,by be real numbers. Suppose that x € [0,1].

Show that )

iaﬁ —|—2xZaiaj inZ +2bele 2 ialbl —i—xZaibj
i=1 i=1 i=1

i<j i1<j i<j
Exercise 16. Let ay,--- ,ay,,b1,- - ,b, be positive real numbers. Show that
Ve + -+ an)(by + -+ bn) > Varby + - + Vanbn.
Exercise 17. Let ay,--- ,a,,b1, -+, by, be positive real numbers. Show that
2 2 2
%Jr..._,_ ab:z > (“bllj_miiz)

Exercise 18. Let ay, -+ ,a,,b1, - , by be positive real numbers. Show that

ay an, 1 ay an ?

b12+~--+bn22a1+_._+an<bl+--~+bn) .
Exercise 19. Let ay,--- ,ay,,b1,- -, b, be positive real numbers. Show that

2
E+...+aﬁ2 (a1+ +a") .
by bn a1b1+"'+anbn

As an application of the Cauchy-Schwarz inequality, we give a different solution of the following problem.
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(Iran 1998) Prove that, for all z,y, z > 1 such that % + % + % =

\/WZ\/x—l—F\/y—l—l—\/z—l.

: , -1 -1 -1 _ ; .
Third Solution. We note that *— + yT + = = 1. Apply the Cauchy-Schwarz inequality to deduce

z—1 -1 z-1
\/W\/(z+y+z)( - + iy . )2\/x1+\/y1+\/zl.

Y

We now apply the Cauchy-Schwarz inequality to prove Nesbitt’s inequality.

(Nesbitt) For all positive real numbers a, b, ¢, we have

a L b L c >3
b+c¢c c+a a+b 2

Proof 11. Applying the Cauchy-Schwarz inequality, we have

((b+c)+(c+a)+(a+b))< = + ! + ! )>32.

b+c c+a a+b
It follows that

a+b+c a+b+c a+b+c_ 9 a 9
> — 3 —.
b+c + c+a + a+b T2 or +Z 2

Proof 12. The Cauchy-Schwarz inequality yields

a (a+b+c)? 3
Z Z (b+e)z Za o Zb+022(ab+bc+ca)2§'

cychc Cychc cyclic cyclic

Problem 28. (Gazeta Matematica) Prove that, for all a,b,c > 0,

\/a4+a2b2+b4—|—\/b4+b262+c4+\/c4+02a2+a4Za\/2a2+bc+b\/2b2+ca+cx/2c2—|—ab.

%

2.2
4+“;) (AM — GM)

oS -
I
+

QL\')

w\%

N—

v

v

Z at +a?b? + bt = Z a* + 7b2 bt + azv?
2
cyclic
22
4 4 a
V2 Y (a + - >
cyclic

Solution. We obtain the chain of equalities and inequalities
cyclic cyclic
2b2 a2b2
\[ Z A — 0+ < (Cauchy — Schwarz)
2b2
- 5T J =+
f cyclic (
cyclic
2b
V2 Z \/at + E (Cauchy — Schwarz)
= Z vV 2a* + a2be .
cyclic
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Here is an ingenious solution of

(KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,

V(a2 + b2c + c2a) (ab? + be2 + ca?) > abe + /(a3 + abe) (b3 + abe) (c3 + abe)

Second Solution. (based on work by an winter program participant) We obtain

V(a2b 4 b2¢c + 2a) (ab? + be? + ca?)
= %\/[b(aQ + be) + ¢(b? + ca) + a(c® + ab)] [e(a? + be) + a(b? + ca) + b(c? + ab)]

> % (\/%(a2 +be) + Vea(b? + ca) + Vab(c? + ab)) (Cauchy — Schwarz)
> gi/\/%((ﬁ +be) - Vea(b? + ca) - Vab(c? + ab) (AM — GM)

= %f/(a?’ + abe) (b3 + abe) (¢3 + abe) + /(a3 + abe) (b3 + abe) (¢3 + abe)

13 .
> 3 \/2\/a3 ~abe - 2Vb3 - abe - 2V3 - abe + /(a3 + abe) (b3 + abe) (3 + abe)  (AM — GM)

= abc+ /(a3 + abc) (b3 + abe) (3 + abe).
O

We now illustrate normalization techniques to establish classical theorems. Using the same idea in the
proof of the Cauchy-Schwarz inequality, we find a natural generalization :

Theorem 3.4.2. Let a;;(i,j =1,--- ,n) be positive real numbers. Then, we have
(an™ 44+ an™) - (an1" + - Fapn™) > (@11021 - Qp1 + -+ F Q1p2n - Gpn)".
Proof. Since the inequality is homogeneous, as in the proof of the theorem 11, we can normalize to

1
n

(an™ 4 4ap™)" =1 or an"+---+ap" =1 (i=1,---,n).

Then, the inequality takes the form aj1a21 - ap1 4+ +a1non -+ Gpnp < 1 or ZLI a1 - a; < 1. Hence,
it suffices to show that, for alli =1,--- | n,

1
a;1 i < —, where a;n" + -+ a;," = 1.
n
To finish the proof, it remains to show the following homogeneous inequality : O

Theorem 3.4.3. (AM-GM inequality) Let ay,--- ,a, be positive real numbers. Then, we have

a1+...+an
n

Z Vai - Qp.

Proof. Since it’s homogeneous, we may rescale ap,--- ,a, so that aj---a, =1. * We want to show that
a- =1 = a1 +---+a, >n.

The proof is by induction on n. If n = 1, it’s trivial. If n = 2, then we get a1 + a2 —2 = a1 +as — 2 /a1as =
(Vai — \/@)2 > 0. Now, we assume that it holds for some positive integer n > 2. And let a1, -+, ant1
be positive numbers such that a; - - - apa,+1=1. We may assume that a; > 1 > as. (Why?) It follows that
ajaz +1—a; —ag = (ag — 1)(az — 1) < 0 so that ajaz + 1 < a3 + ag. Since (ajaz2)as---a, = 1, by the
induction hypothesis, we have a1as + a3 + -+ + ap4+1 > n. Hence, a1 +as — 1+ a3+ -+ app1 > n. O

The following simple observation is not tricky :

4Set z; = —%—— (i=1,---,n). Then, we get 21 --- &, = 1 and it becomes z1 + - - + zpn, > n.

(ay-ap)n
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Let a,b >0 and m,n € N. Take vy = --- = o, = a and Xyp 41 = - - = T, ., = b. Applying the

AM-GM inequality to 1, -+, Tman > 0, we obtain
MDD S @) or " " p > aFEp.
m+n m-+n m-+n

Hence, for all positive rationals wy and we with wy +ws = 1, we get

w1 a+wsb>a“rtbe2.

We immediately have

Theorem 3.4.4. Let wy, wo > 0 with wi +we = 1. For all x, y > 0, we have

w1 Fwey > x iy 2.

Proof. We can choose a positive rational sequence aq,as,as,--- such that

lim a, = w;.
n—oo

And letting b; = 1 — a;, we get

lim bn = W3.
n—oo

From the previous observation, we have
Un T+ by y > %y
By taking the limits to both sides, we get the result. O

Modifying slightly the above arguments, we see that the AM-GM inequality implies that

Theorem 3.4.5. (Weighted AM-GM inequality) Let wq, - ,w, > 0 with wy + -+ + w, = 1. For all
T1,+-- , &y > 0, we have

Wn,

W1 Ty + Wy Ty =TTy,

Alternatively, we find that it is a straightforward consequence of the concavity of In x. Indeed, the weighted
Jensen’s inequality says that In(wy 21 + -+ + wy ) > w1 In(z1) + -+ + wy In(x,) = In(zg “* -2, “7).

Recall that the AM-GM inequality is used to deduce the theorem 18, which is a generalization of the
Cauchy-Schwarz inequality. Since we now get the weighted version of the AM-GM inequality, we establish
weighted version of the Cauchy-Schwarz inequality.

Theorem 3.4.6. (Holder) Let x;; (1 = 1,---,m,j = 1,---n) be positive real numbers. Suppose that
w1, Wy are positive real numbers satisfying w1 + -+ + wy = 1. Then, we have

n m Wi m n
[T\ > wi) =2 (1w
j=1 \i=1 i=1 \j=1

Proof. Because of the homogeneity of the inequality, as in the proof of the theorem 12, we may rescale

T1j, " ,Tmj SO that x1; + -+ zy; =1 for each j € {1,--- ,n}. Then, we need to show that
n m n m n
H le Z Z H Iijwj or 1 Z Z H Iijwj .
j=1 i=1 j=1 i=1 j=1

The weighted AM-GM inequality provides that

n n m n m n
> owimy > [[ey (Gefl,-m}) = > Y wmy; >y [[eu"
j=1 j=1

i=1 j=1 i=1j=1

However, we immediately have

m n n m n m n
E E wjl'ij = E E wjxij = E (.Uj E xij = E (.Uj =1.
j=1 i=1 j=1

i=1 j=1 j=11i=1
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Chapter 4

Convexity

Any good idea can be stated in fifty words or less. S. M. Ulam

4.1 Jensen’s Inequality

In the previous chapter, we deduced the weighted AM-GM inequality from the AM-GM inequality. We use
the same idea to study the following functional inequalities.

Proposition 4.1.1. Let f : [a,b] — R be a continuous function. Then, the followings are equivalent.
(1) For all n € N, the following inequality holds.
wif(@1) + - twnf(zn) = flwr o1+ +wy @)

for all zy, -+ ,xp, € [a,b] and wy, -+ ,wp, >0 with wy + -+ + w, = 1.
(2) For all n € N, the following inequality holds.

rif(x) + -+ raflan) > flriz+- -+, zp)

forall xy,-+ ,z, € [a,b] and 71, ;7 € QT with ri + -+ + 1, = 1.
(8) For all N € N, the following inequality holds.

fly) +---+ flyn) >f<y1+"'+ yN)
N - N

fO’f' all Y1, YN € [a7b]‘
(4) For all k € {0,1,2,---}, the following inequality holds.

F(y) + -+ f(yar) >f<y1+---+ yzk)
> o7

2k

[a, b].
+
_|_

forallyl7"'>y2 € )
(5) We have 2f( x) % (y )>f(%) for all z,y € [a,b)].
(6) We have A\f(z) + (1 —X)f(y) > f(Az+ (1 — N)y) for all z,y € [a,b] and A € (0,1).

Proof. (1) = (2) = (3) = (4) = (5) is obvious.

(2) = (1) : Let 1, , @y € [a,b] and w1, -+ ,w, > 0 with wy + -+ + w, = 1. One may see that there
exist positive rational sequences {ri(1)}ren, -, {re(n)}ren satisfying

klim re(j) =w; (1<j<n) and rg(l)+---+rg(n) =1 foral keN.

By the hypothesis in (2), we obtain r (1) f(z1) + - - + () f(zn) > f(re(1) 21+ - +rx(n) 2,). Since f is
continuous, taking k — oo to both sides yields the inequality

wif(zr) + - wnflzn) > flwrx1+ -+ wy Ty).
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(3) = (2) : Let x1, -+ ,z, € [a,b] and 71,--- ,7, € Q" with ry +--- + 7, = 1. We can find a positive
integer N € N so that N7y, ---, Nr, € N. For each i € {1,--- ,n}, we can write r; = &, where p; € N. It
follows from rq + -+ 4+ r, =1 that N = p; + -+ + p,,. Then, (3) implies that

T1f($1) et Tnf('rn)

p1 terms P, terms
) f@) o o) oot f(n)
N
p1 terms P terms

—_——— —_—
x1+...+x1+...+xn+...+xn
N

v

f

= flrizi 4+ +ryz).

(4) = (3) : Let y1, - ,yn € [a,b]. Take a large k € N so that 2 > N. Let a = U8 Then, (4)
implies that

flyn) -+ flyn) + 28 —n) f(a)
2k

(2% — N) terms

fy) +--+ flyn) + fla) +--- + f(a)
ok
(28 — N) terms

——
y1+...+yN+ a+...+a

> f -
= f(a)
so that
Fl) + oo o) = Nfla) = f (P,
(5) = (4) : We use induction on k. In case k = 0,1,2, it clearly holds. Suppose that (4) holds for some
k> 2. Let y1,- -+ ,ygr+1 € [a,b]. By the induction hypothesis, we obtain

FQy) + -+ fyar) + fyar 1) + -+ fyarsr)

ke Y1+t Yor ke Y2kp1 T+ Yortr
2f<2k )+2f( -

2k+1 f <y1+2:- yzk) + f <y2k+1+-2-:r y2k+1>
2

Yi+-+ Yok + Yoyt Yokt
gk+1p 2" 2F

%

vV

2

: R 7
2k+1f<2k+12>'

Hence, (4) holds for k + 1. This completes the induction.
So far, we've established that (1), (2), (3), (4), (5) are all equivalent. Since (1) = (6) = (5) is obvious,
this completes the proof. O

Definition 4.1.1. A real valued function f is said to be convex on [a,b] if

M)+ (@ =XNf(y) = fAz+ (1= A)y)
for all x,y € [a,b] and X € (0,1).
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The above proposition says that

Corollary 4.1.1. (Jensen’s inequality) Let f : [a,b)] — R be a continuous convex function. For all

X1, &y € [a,b], we have
flz) +-- 4 flan) >f<$1+"'+ Cﬂn)

n

n
Corollary 4.1.2. (Weighted Jensen’s inequality) Let f : [a,b] — R be a continuous convex function.
Let wi, -+ ,wy >0 withwy + -+ +w, = 1. For all x1,--- ,z, € [a,b], we have

wlf(xl)+"'+w71f(xn) Zf(wl 1+ +wn xn)

In fact, we can almost drop the continuity of f. As an exercise, show that every convex function on [a, b]
is continuous on (a,b). So, every convex function on R is continuous on R. By the proposition again, we get

Corollary 4.1.3. (Convexity Criterion I) Let f : [a,b] — R be a continuous function. Suppose that

f(@) + fy) Zf(ﬂ?ﬂ/)

2 2
for all x,y € [a,b]. Then, f is a convex function on [a,b].

Exercise 20. (Convexity Criterion II) Let f : [a,b] — R be a continuous function which are differen-
tiable twice in (a,b). Show that the followings are equivalent.

(1) f"(x) >0 for all x € (a,b).
(2) f is convex on (a,b).
When we deduce (5) = (4) = (3) = (2) in the proposition, we didn’t use the continuity of f :

Corollary 4.1.4. Let f : [a,b] — R be a function. Suppose that

f(z) + fy) Zf(ery)

2 2
for all x,y € [a,b]. Then, we have
rif(x)+ -+ raf(zn) > friaz+ -+ 10 Tn)
for all z1,--- ,x, € [a,b] and r1,--+ ;7 € QY withry + -+ 7, = 1.

We close this section by presenting an well-known inductive proof of the weighted Jensen’s inequality. It
turns out that we can completely drop the continuity of f.

Second Proof. It clearly holds for n = 1,2. We now assume that it holds for somen € N. Let 1, - , 2y, Zpt1 €
[a,b] and wy, -+ ,wp41 > 0 with wy + -+ 4+ w,41 = 1. Since 1_51“ + -+ 1_‘:}“ =1, it follows from the

induction hypothesis that

wif(z1) + -+ wns1 f(@ns1)

w Wn,
= =) (T2 f) e o)) i o)
w1 Wn
> (1—w, gt 1y |+ wppr f(an
> ()] (T2 ) e ()
w Wn
> f ((1 — wn+1) |:115L'1 + -+ mn:| + wn+1xn+1>
— W1 1—wnt1

f(wlacl + -+ wn+1xn+1).
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4.2 Power Means

Convexity is one of the most important concepts in analysis. Jensen’s inequality is the most powerful tool
in theory of inequalities. In this section, we shall establish the Power Mean inequality by applying Jensen’s
inequality in two ways. We begin with two simple lemmas.

Lemma 4.2.1. Let a, b, and c be positive real numbers. Let us define a function f: R — R by

o) = (CEEEEY

where x € R. Then, we obtain f'(0) = In (abc)s.

Proof. We compute f’(z) = o ‘Zﬂ’:blmnfctcw lne Then, f/(0) = watlnbilnc — |y (ghe)s. O

Lemma 4.2.2. Let f: R — R be a continuous function. Suppose that f is monotone increasing on (0,00)
and monotone increasing on (—o00,0). Then, f is monotone increasing on R.

Proof. We first show that f is monotone increasing on [0,00). By the hypothesis, it remains to show that

f(z) > f(0) for all z > 0. For all € € (0,x), we have f(x) > f(e). Since f is continuous at 0, we obtain
flx) > tim f(e) = f(0).

Similarly, we find that f is monotone increasing on (—o0,0]. We now show that f is monotone increasing

on R. Let z and y be real numbers with z > y. We want to show that f(x) > f(y). In case 0 & (x,y), we
get the result by the hypothesis. In case z > 0 > y, it follows that f(x) > f(0) > f(y). O

Theorem 4.2.1. (Power Mean inequality for three variables ) Let a, b, and ¢ be positive real numbers.
We define a function Mg p.c): R — R by

a”" +b" +c"

M(a,b,c)(o) = %7 M(a,b,c) (T) = ( 3 >T (T 7& 0)

Then, M(qp.c) 18 a monotone increasing continuous function.

First Proof. Write M (r) = M(q,,)(r). We first establish that M is continuous. Since M is continuous at r
for all  # 0, it’s enough to show that
lim M (r) = Vabc.

r—0

Let f(z) =1n (W), where z € R. Since f(0) = 0, the lemma 2 implies that

tim L) gy SO =FO) £/(0) = In Vabe.

r—0 7r r—0 T — 0

Since e” is a continuous function, this means that

lim M(r) = lim e = eln Vabe — Yape.

r—0 r—0

Now, we show that M is monotone increasing. By the lemma 3, it will be enough to establish that M is
monotone increasing on (0,00) and monotone increasing on (—oo,0). We first show that M is monotone
increasing on (0,00). Let >y > 0. We want to show that

a® +b" +c” %> a¥ +bY + ¥ v
3 - 3 '

After the substitution © = a¥, v = a¥, w = a?, it becomes

1
(uz + o —i—w:)m o (u—&—v—i—w);
= 3 .

W e
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Since it is homogeneous, we may normalize to u + v + w = 3. We are now required to show that

G(u) + G(v) + G(w) -
3 > 1,

where G(t) = tv, where t > 0. Since % > 1, we find that G is convex. Jensen’s inequality shows that

GW%HX@+G@02G(u+§+w>

5 =G(1)=1.

Similarly, we may deduce that M is monotone increasing on (—o0, 0). O

We've learned that the convexity of f(z) = 2* (\ > 1) implies the monotonicity of the power means.
Now, we shall show that the convexity of xInz also implies the power mean inequality.

Second Proof of the Monotonicity. Write f(x) = Mqp.c)(x). We use the increasing function theorem. By
the lemma 3, it’s enough to show that f’(z) > 0 for all  # 0. Let x € R — {0}. We compute

f'(x)
f(z)

d 1 a® + b 4+ c* 1 l(aflna+b“lnb+cxlnc)
-2 = (T ) +> 3
dx(nf(m)) 72 n( 3 >+.T %(am+bm+cm)

or

f(z) 3 a® + b* + c*
To establish f/(x) > 0, we now need to establish that

2 f'(x) ) (aI—FbI—I—cz)+amlnax—|—bf”lnbf’3—|—cmlncf’3

x bx €T
a®Ina® + " Inb* +c*Inc® > (a® + " + %) In <a—|—+c> )

3

Let us introduce a function f : (0,00) — R by f(¢t) = tlnt, where ¢t > 0. After the substitution p = a*,
q = a¥, r = a”, it becomes

F(0) + Fa) + F(r) > 3f (“g*) |

Since f is convex on (0, 00), it follows immediately from Jensen’s inequality. O
As a corollary, we obtain the RMS-AM-GM-HM inequality for three variables.
Corollary 4.2.1. For all positive real numbers a, b, and ¢, we have
/a2+1§+022a+§+02%2i;§+i.
Proof. The Power Mean inequality states that Mg p.c)(2) > M p.c)(1) = Mq,,c)(0) > Mqp,c)(—1). O

Using the convexity of zInx or the convexity of z* (A > 1), we can also establish the monotonicity of
the power means for n positive real numbers.

Theorem 4.2.2. (Power Mean inequality) Let 1, -- ,2, > 0. The power mean of order r is defined by

1
M(Ih"',In)(O) = Vx1 - Tp, M($17'“7$n)(r) = < > (T#O)

n
Then, M, ... z,) : R — R is continuous and monotone increasing.

We conclude that
Corollary 4.2.2. (Geometric Mean as a Limit) Let z1,--- ,z, > 0. Then,

1
r

x I PEREY 1’ r
Yo = lim <1++n>
r—

n

Theorem 4.2.3. (RMS-AM-GM-HM inequality) For all x1,--- ,x, > 0, we have

2 2
x +"'+I’ x +...+x n
! = > ! nZ"xl"%nZ 1 1 -
n n - 4+ =

Xy Tn
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4.3 Majorization Inequality

We say that a vector x = (21, ,x,) majorizes another vector y = (y1, - ,yn) if

Maxr > >Tp, y1 > > Yn,
2)z1+Fz >y 4ty forall 1<k <n-—1,

Theorem 4.3.1. (Majorization Inequality) Let f : [a,b] — R be a convex function. Suppose that
(X1, ,xn) majorizes (Y1, - ,Yn), Where Ty, - ,Tp, Y1, - ,Yn € [a,b]. Then, we obtain

fle) 4+ 4 flan) = flyr) + -+ fyn)-

For example, we can minimize cos A + cos B + cos C, where ABC' is an acute triangle. Recall that — cosx

is convex on (O, g) Since (g, ET O) majorize (A, B,C'), the majorization inequality implies that

cos A + cos B + cos C > cos (g) + cos (g) +cos0=1.

Also, in a triangle ABC, the convexity of tan? (%) on [0, 7] and the majorization inequality show that
A B C
21 — 12\/§ = 3tan? (%) < tan 2 <4> + tan? (4) + tan? (4) < tan 2 (%) + tan 20 + tan 20 = 1.

(IMO 1999/2) Let n be an integer with n > 2.

Determine the least constant C' such that the inequality

Z ziw; (v + x?) <C Z x;

1<i<j<n 1<i<n

holds for all real numbers xq,--- ,x, > 0.

Second Solution. (Kin Y. Li') As in the first solution, after normalizing z1 + - - - + x,, = 1, we maximize

n

S e +a2) =Y flw),

1<i<j<n i=1
where f(z) = 2% — 2% is a convex function on [0, %] Since the inequality is symmetric, we can restrict our
attention to the case x1 > x9 > -+ > z,. If % > x1, then we see that (%, %70, e 0) majorizes (z1,- -+ ,Tp).

Hence, the convexity of f on [0, %} and the Majorization inequality show that

if(xi)<f<;)+f<;)+f(o)+...+f(0):;.

We now consider the case when % > xq. Write 21 = % — € for some € € [0, %] We find that (1 — 241,0,---0)

majorizes (zo,- - ,2,). By the Majorization inequality, we find that

n

> f@) < fF—m)+ fO) 4+ f(0) = f (1 —z1)

=2

so that

if(zi) < fla)+fA—az) =a1(1—z)z> + (1 —2)°] = <i - 62) (; +262> =2 (116 - 64> < é

=1

1 slightly modified his solution in [KYL)].
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4.4 Supporting Line Inequality

There is a simple way to find new bounds for given differentiable functions. We begin to show that every
supporting lines are tangent lines in the following sense.

Proposition 4.4.1. (Characterization of Supporting Lines) Let f be a real valued function. Let
m,n € R. Suppose that

(1) f(a) = ma +n for some o € R,
(2) f(z) > ma +n for all © in some interval (€1, €2) including o, and
(3) f is differentiable at .

Then, the supporting line y = mx +n of [ is the tangent line of f at x = a.

Proof. Let us define a function F : (e1,€2) — R by F(z) = f(z) — max —n for all © € (e1,€2). Then, F is
differentiable at « and we obtain F’(«) = f’(a) —m. By the assumption (1) and (2), we see that F' has a local
minimum at «. So, the first derivative theorem for local extreme values implies that 0 = F'(«) = f/(a) —m so
that m = f/(«) and that n = f(a)—ma = f(a)—f'(a)a. It follows that y = mz+n = f(a)(z—a)+ f(a). O

(Nesbitt, 1903) For all positive real numbers a, b, ¢, we have

a b c
+ +
b+c c+a a+b

3
> —.
-2

Proof 13. We may normalize to a + b+ ¢ = 1. Note that 0 < a,b,c < 1. The problem is now to prove

3, fla)+ )+ f(e) 1 .
cyzdgcf(a)z 5 3 Zf(S), where f(z) = —

The equation of the tangent line of f at x = % is given by y = 9””4_1. We claim that f(z) > 9“4—_1 for all
€ (0,1). It follows from the identity

92 -1_ (3z—-1)

f@) == A1—z)

Now, we conclude that

a 9a — 1 9 3 3
PO e D DI

cyclic cyclic

The above argument can be generalized. If a function f has a supporting line at some point on the graph
of f, then f satisfies Jensen’s inequality in the following sense.

Theorem 4.4.1. (Supporting Line Inequality) Let f : [a,b] — R be a function. Suppose that a € [a, b]
and m € R satisfy

f(x) =2m(z —a) + f(a)
for all x € [a,b]. Let wy, - ,wy >0 with wy + -+ - +w, = 1. Then, the following inequality holds
wif(z1) + -+ wnf(@n) > f(a)

for all xy,- -+ ,x, € [a,b] such that o« = w11 + - + wpZyp. In particular, we obtain

f@1) 4+ + flan) Zf(f),

n
where x1, -+ , Ty € [a,b] with x1 + -+ x, = s for some s € [na,nb).
Proof. Tt follows that wy f(z1) 4+ - -+wn f(xn) = wi[m(z1 —a)+ f(a)]+ - -+wi[m(z,—a)+ f(a)] = f(a). O

We can apply the supporting line inequality to deduce Jensen’s inequality for differentiable functions.
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Lemma 4.4.1. Let f : (a,b) — R be a convex function which is differentiable twice on (a,b). Lety = l,(x)
be the tangent line at o € (a,b). Then, f(x) > lo () for all z € (a,b).

Proof. Let a € (a,b). We want to show that the tangent line y = l,(z) = f'(a)(z — @) + f(a) is the
supporting line of f at x = a such that f(x) > l,(z) for all € (a,b). However, by Taylor’s theorem, we
can find a 6, between o and x such that

£a) = £() + f@)e— ) + L0 @~ )2 > f(0) + (@)~ a).
O
(Weighted Jensen’s inequality) Let f : [a,b] — R be a continuous convex function which is
differentiable twice on (a,b). Let wy, -+ ,wy, > 0withwy+-+-+w, = 1. Forallzq,--- ,z, € [a,b],
wif(zr) + - Fwnf(zn) = flwr x4+ wn o).
Third Proof. By the continuity of f, we may assume that x1,--- ,z, € (a,b). Now, let p = wy 1+ 4w, Tn.

Then, p € (a,b). By the above lemma, f has the tangent line y = [,,(z) = f'(n)(z — p) + f(p) at x = p
satisfying f(x) > [, (z) for all « € (a,b). Hence, the supporting line inequality shows that
wif(z) + - twpf(zn) >wif(p) + - +wnf(p) = f(p) = flwr 21+ +wn T5).
O

We note that the cosine function is concave on [0, g] and convex on [g, ﬂ. Non-convex functions can be

locally convex and have supporting lines at some points. This means that the supporting line inequality is
a powerful tool because we can also produce Jensen-type inequalities for non-convex functions.

(Theorem 6) In any triangle ABC, we have cos A + cos B + cos C < 3.

Third Proof. Let f(x) = —cosz. Our goal is to establish a three-variables inequality
A)+ f(B)+ f(C 0
) JB) £ C) (.
3 3

where A, B,C € (0,7) with A+ B+ C = 7. We compute f/(z) = sinx. The equation of the tangent line of
_ V3
y="%(

s

fat x =% is given by x — %) — 5. To apply the supporting line inequality, we need to show that

oz (- 5)-

for all z € (0, 7). This is a one-variable inequality! We omit the proof. O
Problem 29. (Japan 1997) Let a, b, and ¢ be positive real numbers. Prove that

(b+c—a)? (c+a—b)? (a+0b—c)? >§
(b+c)2+a®  (c+a)?+b> (a+b2+c2 5

Proof. Because of the homogeneity of the inequality, we may normalize to a + b+ ¢ = 1. It takes the form

(1 - 2a)? (1 — 2b)2 (1-20 _3 1 . 1 . 1 L
(I—-a)2+4+a? (1A1-024+0 (1-0¢)?+c2 "5 202 —2a+1 202—2b+1 22—2c+1~ 5°

We find that the equation of the tangent line of f(z) = m at x = % is given by y = %x + % and that
54 27 2(3z — 1)%(62 + 1)
- = — | == <0.
/(@) (25x+25> 25222 — 2z +1) —

for all z > 0. It follows that 54 27 97
< — o E
E fla) < 5:25a+25 5

cyclic cyclic
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Chapter 5

Problems, Problems, Problems

FEach problem that I solved became a rule, which served afterwards to solve other problems. Rene Descartes

5.1 Multivariable Inequalities

M 1. (IMO short-listed 2003) Let (z1, 22, - ,2n) and (y1,Yy2, - ,Yn) be two sequences of positive real
numbers. Suppose that (z1, 22, ,2,) 18 a sequence of positive real numbers such that

2
Zitj" 2 TiYj

forall1 <i,5 <n. Let M = max{zq, - ,z2n}. Prove that
Mtamt otz o (ot (gt
2n - n n '
M 2. (Bosnia and Herzegovina 2002) Let aj,- - ,an,b1, - ,by,c1, -, ¢, be positive real numbers.

Prove the following inequality :

() ) () (o)

M 3. (C'2113, Marcin E. Kuczma) Prove that inequality

n n

Sa 3 s Y 3

i=1 =1 i=1
for any positive real numbers ay, - , Gy, b1, - , by
M 4. (Yogoslavia 1998) Let n > 1 be a positive integer and a1, -+ ,an, b1, - , by be positive real numbers.

Prove the following inequality.
2
Zaibj Z Zaiaj szbj
i#] i#] i#]
M 5. (C2176, Sefket Arslanagic) Prove that

1
n

((a1 +b1) - -+ (an + by)) ™

3=

> (ay-+-an)® + (by - by)

where ay, -+ ,ap,b1, - by >0

1CRUX with MAYHEM
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M 6. (Korea 2001) Let 1, - ,x, and y1,--- ,yn be real numbers satisfying
2+t =gt et =1
Show that

2 > (21y2 — Toy1)?

n
1= aw:
i=1

and determine when equality holds.

M 7. (Singapore 2001) Letay,- - ,an,b1,- -+ , by, be real numbers between 1001 and 2002 inclusive. Suppose

that
n n
Z ai2 = Z bi2.
=1 1=1

Prove that

n

STy
v i=1

i=1

sl

Determine when equality holds.

M 8. (Abel’s inequality) Let aq, -+ ,an,x1, - ,xn be real numbers with x, > xp,+1 > 0 for all n. Show
that
a1z + -+ +avan| < Az
where
A= max{|a1|, |a1 + a’2|a Ty |a1 + +aN|}
M 9. (China 1992) For every integer n > 2 find the smallest positive number A\ = A(n) such that if
1
O§a1,~-~ y An S 57 bla"' abn >07 a1++an:b1++bn:1
then
by by < Aaiby + -+ + apby).
M 10. (C2551, Panos E. Tsaoussoglou) Suppose that ai,--- ,a, are positive real numbers. Let e; ), =

n—1ifj==k ande;, =n —2 otherwise. Let d;; =0 if j =k and dj, = 1 otherwise. Prove that

n n n n 2
Z H ejrar’ > H (Z dj,Wk)
J=1 k=1 k=1

M 11. (C2627, Walther Janous) Let x1, - ,z,(n > 2) be positive real numbers and let x1 + -+ + x,.
Let ay,--- ,a, be non-negative real numbers. Determine the optimum constant C(n) such that

n

> U2 s o) [T
= =1

M 12. (Hungary-Israel Binational Mathematical Competition 2000) Suppose that k and | are two
given positive integers and a;;(1 < i < k,1 < j <) are given positive numbers. Prove that if ¢ > p > 0,
then

1
P

S
Qe

l k % k l
3 (z ) <[y [Se
1

j=1 \i=1 i=1 \j=

M 13. (Kantorovich inequality) Suppose x1 < --- < x,, are given positive numbers. Let A\y,--+ , A, >0
and A\ + -+ X, = 1. Prove that

where A = MTI" and G = \/T1Z,,.



M 14. (Czech-Slovak-Polish Match 2001) Let n > 2 be an integer. Show that
(a1® +1)(ax® +1)--- (an® + 1) > (a1%az + 1)(az®az + 1) - - - (an?a; + 1)
for all nonnegative reals a1, -+ , ay.
M 15. (C1868, De-jun Zhao) Letn >3, a; > ag > -+ > a, >0, and p > ¢ > 0. Show that
a1Pas? + asPaz? + - + apn—1Pan? + anPa1? > a1%as” + axlas? + - - + an—19a,? + an%a:”
M 16. (Baltic Way 1996) For which positive real numbers a,b does the inequality
1T 4 Tos + -+ Tno1Tp + Tz > 122 3% + 29%23 24 + -+ 1, %2 Pxn®
holds for all integers n > 2 and positive real numbers xi, - ,Ty.

M 17. (IMO short List 2000) Let x1, 22, , &, be arbitrary real numbers. Prove the inequality

< +/n.

T + i) + + Tn
14+212 14292+ 20 14+2124+ -+ 2,2

M 18. (MM?1479, Donald E. Knuth) Let M,, be the mazimum value of the quantity

Tn, + L2 + + T1
Atz +-4x,)? (I4z2+---+2x,)? (1+x,)?

over all nonnegative real numbers (x1,--- ,x,). At what point(s) does the maximum occur ? Express M, in
terms of My,_1, and find lim,, ., M,.

M 19. (IMO 1971) Prove the following assertion is true for n = 3 and n = 5 and false for every other

natural number n > 2 : if ay,- - ,a, are arbitrary real numbers, then
n
ZH(GZ - aj) Z 0.
i=1 i#j

M 20. (IMO 2003) Let z1 < z9 < -+ < &, be real numbers.

(a) Prove that
2

n2—
> lwi—al S% > (i — )

1<i,j<n 1<i,j<n
(b) Show that the equality holds if and only if 1,22, -+ ,x, 18 an arithmetic sequence.

M 21. (Bulgaria 1995) Letn > 2 and 0 < z1,--- ,x, < 1. Show that

n
(1 + 22+ +3,) — (172 + T223 + - + Tp71) < [5}

and determine when there is equality.

M 22. (MM1407, M. S. Klamkin) Determine the mazimum value of the sum
1P+ P + - xn — 2%y — ey’ — - xnta T,
where p,q,r are given numbers withp > q>r >0 and 0 < z; <1 for all i.
M 23. (IMO Short List 1998) Let a1, as, - ,a, be positive real numbers such that
ap+ax+--+a, <l

Prove that

arag - - an(l— (a1 +as+ - +ap)) < 1
(a1 +as+-+a)(l—a1)(l—ag) - (1—a,) — ntl’

2Mathematics Magazine
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M 24. (IMO Short List 1998) Let r1,72,- -+ , 7, be real numbers greater than or equal to 1. Prove that

1 1 n

4o > —
7’1"‘1 Tn,+1 (rl...r”)ﬁ—kl

M 25. (Baltic Way 1991) Prove that, for any real numbers a1, -+ , ay,
> o
1<ij<n 7=
M 26. (India 1995) Let x1, 2, - , 2, be positive real numbers whose sum is 1. Prove that

T Tn n

1—m1+”.+1—xn n—1"

M 27. (Turkey 1997) Given an integer n > 2, Find the minimal value of
2,5 . 257 L 5
To+r3+--+ Ty T3+ Ty 2 1+ T3+ -+ T

for positive real numbers x1,--- ,x, subject to the condition x12 + -+ + x,%2 = 1.

M 28. (China 1996) Suppose n € N, g =0, x1,--+ ,xn >0, and x1 + - -+ + 2, = 1. Prove that

n
X; s
1< <X
_;¢1+xo+---+xi_1\/xi+-~-+a;n 2

M 29. (Vietnam 1998) Let x4, - ,x, be positive real numbers satisfying
BN S S
x1 + 1998 T, + 1998 1998
Prove that )
M > 1998
n—

M 30. (C2768 Mohammed Aassila) Let x1,--- ,x, be n positive real numbers. Prove that
X1 + T2
Vaixg + 192 Vagws + xs?

+

P
VEnri + 212~ V2
M 31. (C2842, George Tsintsifas) Let x1,- - ,x, be positive real numbers. Prove that

(a) > 2,
Ny Ty x1+...+xn
Ly Tp T+ T,

M 32. (C2423, Walther Janous) Let x1, -+ ,z,(n > 2) be positive real numbers such that x1+- - -4z, = 1.

Prove that
1 1 n—aT n—=Ty
1+=]---(14+=)>
T Tn 1—x 1—x,

Determine the cases of equality.

M 33. (C1851, Walther Janous) Let x1,- -+ ,x,(n > 2) be positive real numbers such that
T2zt =1,

Prove that

2\/77—1S Zz+x¢§2\/ﬁ+1.
5y/n —1 — 5t 5v/n +1
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M 34. (C1429, D. S. Mitirinovic, J. E. Pecaric) Show that

E 2—’ <n-1
T + X 12542

where x1,--- ,x, are n > 3 positive real numbers. Of course, xp41 = T1,Tpta = Ta. 3

M 35. (Belarus 1998 S. Sobolevski) Let a1 < as < --- < a, be positive real numbers. Prove the
inequalities

n ar a1 +---+ay
B St St S e 12
(a) ?11_1_'”4_%7@” n )
n 2k ai+---+ay
(b) 1 T2 2’ )
TR sl S n

an
ay ’

M 36. (Hong Kong 2000) Let aq < as < --- < a, be n real numbers such that

where k =

a; +ag+---+a, =0.

Show that
a12 + a22 +-+ an2 + naia, <0.

M 37. (Poland 2001) Let n > 2 be an integer. Show that

i:xii + (Z) > zn:ml
i=1 i=1

for all nonnegative reals x1, -+ ,xy.
M 38. (Korea 1997) Let ay,--- ,a, be positive numbers, and define
A= H O o ) H = "

1 1
n H_f__’_i

<—1+2 A\
— G .

A n—2 2(n-1)[A\"
< + =] .
H~ n n G

M 39. (Romania 1996) Let xq, - , Ty, Tne1 be positive reals such that

(a) If n is even, show that

S

(b) If n is odd, show that

xn+1:x1+...+xn_

Prove that

n
Z Vi@ — 1) < VEn1 (T — i)
i=1

M 40. (C2730, Peter Y. Woo) Let AM(xy,--- ,2z,) and GM (x1,- - ,x,) denote the arithmetic mean
and the geometric mean of the positive real numbers x1,--- ,x, respectively. Given positive real numbers
ai, -+ ,Qn, b1, -+ by, (a) prove that

GM (a1 +by, - yan+by) > GM(ay, -+ ,a,) + GM(by,--- ,by).
For each real number t > 0, define
f@)=GM{E+b,t+bg,---,t+by) —t
(b) Prove that f is a monotonic increasing function, and that

lim f(t) = AM(by, -+ ,by)

z

L =n-1
i+1Ti42

3Original version is to show that sup > ; oy B
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M 41. (C1578, O. Johnson, C. S. Goodlad) For each fized positive real number a,,, mazimize

a1ag - Ay
(1+a1)(ar +az)(ag +az) - (an-1+an)

over all positive real numbers ay, -+ ,anp_1.
M 42. (C1630, Isao Ashiba) Mazimize
ai1az + asaq + -+ agp—102,

over all permutations ay,--- ,as, of the set {1,2,---,2n}
M 43. (€C1662, M. S. Klamkin) Prove that

x12r+1 x22r+1 l.n2r+1 qr

+ 4o > T1%o + Tog + -+ + )
$—T1 §—Io s—avn_(n—l)nQ’"—l(l2 23 nt1)

wheren > 3, r > %, x; >0 foralli, and s =21+ -+ x,. Also, Find some values of n and r such that the
inequality is sharp.

M 44. (C1674, M. S. Klamkin) Given positive real numbers r,s and an integer n > =, find positive real
numbers x1,- -+ , T, S0 as to minimize

1 1 1 . . .
(x1r+x2r+'”+xnr> (I +21)* (1 +22)* -+ (1 + 2,)°.

M 45. (C1691, Walther Janous) Let n > 2. Determine the best upper bound of

T L2 Ln

+ + -+
Toxz - Tp+1 x123 -2, +1 T1To - Tp_1 +1
over all 1, -+ ,x, € [0,1].

M 46. (C1892, Marcin E. Kuczma) Let n > 4 be an integer. Find the exact upper and lower bounds for
the cyclic sum

S Ti-1t Tt Tip

over all n-tuples of nonnegative numbers x1,--- ,xy, such that x;—1 + x; + x;41 > 0 for all i. Of course,
Tpt1 = X1, Tg = Tn. Characterize all cases in which either one of these bounds is attained.

M 47. (C1953, M. S. Klamkin) Determine a necessary and sucient condition on real constants r1,- - ,ry
such that
v+’ 4w > (rw 4 rexa + o remy)?

holds for all real numbers x1,--+ ,xy.

M 48. (C2018, Marcin E. Kuczma) How many permutations (x1,- -+ ,2n) of {1,2,--- ,n} are there such
that the cyclic sum
|71 — @2 + |22 — 23| + -+ + [Tp—1 — Tn| + T4 — 21

is (a) a minimum, (b) a mazimum ¢

M 49. (C2214, Walther Janous) Let n > 2 be a natural number. Show that there exists a constant
C = C(n) such that for all x1,--- ;x, > 0 we have

I

i=1

Determine the minimum C(n) for some values of n. (For example, C(2) =1.)
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M 50. (C2615, M. S. Klamkin) Suppose that x1,- - ,x, are non-negative numbers such that

Yoy (wimin)? = w

where e the sums here and subsequently are symmetric over the subscripts {1,--- ,n}. (a) Determine the
mazimum of Y, x;. (b) Prove or disprove that the minimum of > x; is w .

M 51. (Turkey 1996) Given real numbers 0 = x1 < Ty < +-+ < Taop, Topt1 = 1 with x;41 — x; < h for
1 <i < n, show that

n

1—h 1+h
— < T2 (Toiq1 — T2im1) < ——.
2 ; 2
i=1
M 52. (Poland 2002) Prove that for every integer n > 3 and every sequence of positive numbers x1,- - ,Tp

at least one of the two inequalities is satsified :

n
L4

n
n xZ; n
>5, Yy ——— 2>
2 P Ti—1 +JCZ‘_2 2

Here, Tpy1 = X1, Tppo = T2, 00 = Ty, T1 = Tp—1.

5 Tit1 T Tigo

M 53. (China 1997) Let x1,- - , 21997 be real numbers satisfying the following conditions:

1
—ﬁ < @1, ,Ti097 < V3, @1 4 - 4 T1997 = —318V/3

Determine the mazimum value of 12 + - - - + T1997'2.

M 54. (C2673, George Baloglou) Let n > 1 be an integer. (a) Show that

(1 + aj - .an)n Z aj -- .an(l -+ aln_g) e (1 -+ aln_Q)

forallay,--- ,a, € [1,00) if and only if n > 4.
(b) Show that
1 n 1 I 1 S n
a1(1 + a2”*2) a2(1 + a3"*2) an(l + a1n72) “1l+4+ay---a,
forallay,--- ,a, >0 if and only if n < 3.
(¢) Show that
1 n 1 " n 1 S n
a1(l4+a1"72)  az(l+ax"2) an(l4+a,"2) ~ 14a1---a,
forallay,--- ,an, >0 if and only if n < 8.

M 55. (C2557, Gord Sinnamon,Hans Heinig) (a) Show that for all positive sequences {z;}
2

k 7 n k
k=1 j=

Sm<ey (Yu] =
k=1 \j=1 Tk

11¢=1 =

(b) Does the above inequality remain true without the factor 279 (c) What is the minimum constant c¢ that
can replace the factor 2 in the above inequality?

M 56. (C1472, Walther Janous) For each integer n > 2, Find the largest constant C,, such that

n
Cod lail < > lai—ajl
i=1

1<i<j<n

for all real numbers ay,--- ,a, satisfying Z?Zl a; =0.
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M 57. (China 2002) Given c € (%, 1). Find the smallest constant M such that, for any integer n > 2 and
real numbers 1 < a; < as < -+ < ap, if

1 n n
— kay <
L SRS oS
k=1 k=1
then
n m
T 3o
k=1 k=1
where m 1is the largest integer not greater than cn.
M 58. (Serbia 1998) Let x1,x2, - ,x, be positive numbers such that

1+ a2+ +z, =1

Prove the inequality
q¥1—T2 q¥2—3 q¥n =1 S n2
... >,
1+ T T+ T3 T, + T 2

holds true for every positive real number a. Determine also when the equality holds.

M 59. (MM1488, Heinz-Jurgen Seiffert) Let n be a positive integer. Show that if 0 < x1 < x9 < Xy,
then

with equality if and only if v1 = - =x, = 1.

M 60. (Leningrad Mathematical Olympiads 1968) Let a1, aq,- - ,a, be real numbers. Let M = max S
and m = min S. Show that

2
(p—DM=m)< Y Jai—a] < 2 (M —m)

1<ij<n

M 61. (Leningrad Mathematical Olympiads 1973) Establish the following inequality

8

i T ™ ].
22 cos (2i+2> (1 — cos (21+2)) < 3
i=0

M 62. (Leningrad Mathematical Olympiads 2000) Show that, for all 0 < x1 < xzo < ... < x,,

n

T1T2 To3 Tn,T1 Tnl1

+ R e e ) S
€3 T4 z2

M 63. (Mongolia 1996) Show that, for all0 < a; < as < ... < ay,

a1 + ag aztaz\ fanta < a1 +az +as azgtaztas\ fantartas
2 2 2 - 3 3 3 '
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5.2 Problems for Putnam Seminar

P 1. ’Putnam 04A6 ‘ Suppose that f(x,y) is a continuous real-valued function on the unit square 0 < x <

1,0 <y < L. Show that
/01 (/Olf(x,wdxfdw/ol (/Olf(x,wdy)zdx
< (/01 /01f<x,y>dxdy> +/01 /01 (f(2,y))? da dy.

P 2. |Putnam O4B2‘ Let m and n be positive integers. Show that

(m+n)! m! n!
(m+mn)mtn = mmpn’

P 3. ’Putnam O3A2‘ Let ay,as9,...,a, and by,ba, ..., b, be nonnegative real numbers. Show that

(a1ag -+ an)™ + (biba - - by)™ < (a1 + b1)(ag + b2) - - - (an + by)]/™.

P 4. ’Putnam O3A3‘ Find the minimum value of

| sinx + cos x + tan x + cot x + sec x + csc x|

for real numbers x.

P 5. ’Putnam O3A4‘ Suppose that a,b,c, A, B,C are real numbers, a # 0 and A # 0, such that

laz? + bx + ¢| < |Az? 4+ Bx + C)|

for all real numbers x. Show that
|b? — 4ac| < |B? — 4AC).

P 6. ’Putnam 03B6‘ Let f(x) be a continuous real-valued function defined on the interval [0,1]. Show
that

/01/01 |f(2) + fy)l dedy /01|f(:c)dx.

P 7. | Putnam 02B3 | Show that, for all integers n > 1,

1 1 ( 1)” 1
— < —-—=(1-= < —.
2ne e n ne

P 8. ’Putnam 01A6‘ Can an arc of a parabola inside a circle of radius 1 have a length greater than 47

P 9. ’Putnam 99A5‘ Prove that there is a constant C such that, if p(x) is a polynomial of degree 1999,
then

p(0)] < C [ Ipta)]d.

P 10. ’ Putnam 99B4 ‘ Let f be a real function with a continuous third derivative such that f(x), f'(z), f"(z), "' (x)
are positive for all . Suppose that "' (x) < f(x) for all x. Show that f'(z) < 2f(x) for all z.

P 11. ’Putnam 98B4‘ Let ap , denote the coefficient of ™ in the expansion of (1+x + xz*)™. Prove that
for all integers k > 0,

12
0< (—1)fag_;; < 1.

[V
w2
i

N
I
=)
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P 12. |Putnam 98B1 | Find the minimum value of

(@+3)°~ (@ &) -2

(x+1)° + (23 + %)

x3

for x > 0.

P 13. ’Putnam 96B2‘ Show that for every positive integer n,

2n—1 2n+1

(2"_1> ’ <1~3-5---(2n—1)<(2"+1> i

€ e

P 14. ’Putnam 96B3‘ Given that {x1,xa,...,2,} = {1,2,...,n}, find, with proof, the largest possible
value, as a function of n (with n > 2), of

T1T2 + LoXs + -+ Tp_ 1Ty + TpX1.

P 15. ’Putnam 91B6‘ Let a and b be positive numbers. Find the largest number ¢, in terms of a and b,
such that

sinhuz  sinhu(l — x)

a®b' " <aq

sinh u sinh u
for all w with 0 < |u| < ¢ and for all x, 0 < z < 1.

P 16. (CMJ*416, Joanne Harris) For what real values of c is
ex + e_r CZ'2
—s =
for all real x?

P 17. (CMJ420, Edward T. H. Wang) It is known [Daniel I. A. Cohen, Basic Techniques of Combi-
natorial Theory, p.56] and easy to show that 2" < (2:) < 22" for all integers n > 1. Prove that the stronger

inequalities
22n—1 _(?) 22
N n Vn
hold for all n > 4.

P 18. (CMJ379, Mohammad K. Azarian) Let © be any real number. Prove that

Z sin(kx) Z cos(kx)
k=1

k=1

(1 — cosz) <2.

P 19. (CMJ392 Robert Jones) Prove that

(l—i— 12> (J;Sin1> >1 for x> i
x x V5
P 20. (CMJ431 R. S. Luthar) Let 0 < ¢ < 6 < 3. Prove that
[(1 + tan2 ¢)(1 + sin? )] ¢ < [(1 + tan? 0)(1 + sin® )] ¢,
P 21. (CMJ451, Mohammad K. Azarian) Prove that

SEC2 « CSC2 «

7T cos?a + 7 sin® « > 7r2,

provided 0 < a < 7.

4The College Mathematics Journal
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P 22. (CMJ446, Norman Schaumberger) If x, y, and z are the radian measures of the angles in a
(non-degenerate) triangle, prove that

.3 o1 1 1
wsin — > xsin — + ysin — + zsin —.
T T Y z

P 23. (CMJ461, Alex Necochea) Let 0 <z < I and 0 <y < 1. Prove that

v/1—192—coszx

r —arcsiny < ~V—-———,
Y

NIE

with equality holding if and only if y = sinx.

P 24. (CMJ485 Norman Schaumberger) Prove that
(1)ifa>b>1o0rl>a>b>0, then at’ be” > abab“b; and
(2)ifa>1>b>0, then a® b*" < a*"b*".

P 25. (CMJ524 Norman Schaumberger) Let a, b, and ¢ be positive real numbers. Show that

b\" (b+c\’ [c+a\®
apb c > a+ > po b c.
a®b’ct > ( 5 > 5 > b%c’a
P 26. (CMJ567 H.-J. Seiffert) Show that for all ditinct positive real numbers x and y,

(\/5+\/37)2< zoy _aty

inh =Y
2 2sinh ey 2

P 27. (CMJ572, George Baloglou and Robert Underwood) Prove or disprove that for 0 € (—% %),

1
cosh 6 S \/ﬁ

P 28. (CMJ603, Juan-Bosco Romero Marquez) Let a and b be distinct positive real numbers and let
n be a positive integer. Prove that

CL+b< . bn-i—l_an-l-l " an+bn
2 VN Db-a = 2

P 29. (MM?’904, Norman Schaumberger) For x > 2, prove that

z =1 z—1

=0

P 30. (MM1590, Constantin P. Niculescu) For given a, 0 < a < 7, determine the minimum value of
a > 0 and the mazimum value of 3 > 0 for which

T\® _sinz z\ B
) =ma=(G)
a sina a

(This generalize the well-known inequality due to Jordan, which asserts that 27” <sinz <1 on|0,3].)

P 31. (MM1597, Constantin P. Niculescu) For every x,y € (07 \/g) with x© # y, prove that

>1 .
= Fsina? n1+siny2

1 1 —sinzy 2 1 —sinaz?_ 1—siny?
n—>—-*J
1 +sinxy

P 32. (MM1599, Ice B. Risteski) Given a > 8 > 0 and f(z) = 2*(1 —2)?. If0 <a < b < 1 and
f(a) = f(b), show that f'(a) < —f'(B).

5Mathematics Magazine
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P 33. (MM Q197, Norman Schaumberger) Prove that if b > a > 0, then (%)a >
P 34. (MM1618, Michael Golomb) Prove that 0 < x < T,

T— . T T—x
x <smx<(3—7)x .
™+ s ™+ X

P 35. (MM1634, Constantin P. Niculescu) Find the smallest constant k > 0 such that

ab be ca
+ + <
at+b+2¢c b+c+2a ct+a+2b

k(a+b+c¢)

for every a,b,c > 0.

P 36. (MM1233, Robert E. Shafer) Prove that if x > —1 and x # 0, then

2 2

° < [In(1+42)? < °

o4
240

1 .2
14+x+ 36%

24
12

z2 0 a2
1+LL‘+2 1+x+%x2 1+$+2

P 37. (MM1236, Mihaly Bencze) Let the functions f and g be defined by

w2 8x

=—— " _ and - >
f@) o2 4 82 " 9(z) 472 + a2
for all real x. Prove that if A, B, and C are the angles of an acuted-angle triangle, and R is its circumradius

then b
F(A)+ £(B) + 7€) < LS

P 38. (MM1245, Fouad Nakhli) For each number x in open interval (1,e) it is easy to show that there
is a unique number y in (e,00) such that mTy =2 Lor such an x and y, show that x +y > xlny +ylnx.

rak

<9(A) +9(B) +9(C).

P 39. (MM Q725, S. Kung) Show that (sinx)y < sin(xy), where 0 <z <7 and 0 < y < 1.
P 40. (MM Q771, Norman Schaumberger) Show that if 0 < § < %, then sin20 > (tan §)*°52.
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