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Problema 1
2
er e @ e
2
Se considerd determinantul f(x)=|e* e ¢ |,unde acR.
2
et e e2a

a) Pentru ce valori ale lui a € R, ecuatia f (x) =0 are solutii reale?

b) Sa se determine a € R pentru care ecuatia f (x) =0 are toate solutiile numere reale strict negative.

Problema 2

Fie neN,n>2 s1 A, BeM, (Q) doua matrice cu proprietatea ca 4+ B = AB. Aratati ca pentru orice k€ N,

k > 2, proprietatile urmatoare sunt echivalente:

1) A+B+B*+..+B'=0

n*

2) B*=0,.

Problema 3

Sa se determine lim
n—»0

Problema 4

Sa se determine in functie de ¢ € R , lim x“ (\/x+1 —2\/;+\/x—1).

X—>0

Nota

e Timp de lucru efectiv 3 ore.
e Toate subiectele sunt obligatorii.
e Pentru fiecare problema rezolvatd corect se acorda 7 puncte.
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Problema 1

Se considera functia f:D >R, f (x) =+/x% +2. Si se determine domeniul maxim de definitie si asimptotele

la graficul functiei.

Problema 2
x 1 2
Sé se determine x e R poentrucare [I 2 x|=0.
2 x 1
Problema 3

sinx? 1) -1
(1) e

Sa se calculeze lim 3 — .
x—l1 tg(x _1) X —1

Problema 4

1 0 -1
Fie matricea 4={0 0 0 |eM;(R).
1 0 1

a) Si de calculeze det(4+313).
b) Sa se verifice daca A +44= 0;.

¢) Sase calculeze A+ A+ A +...+ 428,

Nota

e Timp de lucru efectiv 3 ore.
e Toate subiectele sunt obligatorii.
e Pentru fiecare problema rezolvata corect se acorda 7 puncte.
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Solutii si bareme

1. a) Dezvoltand determinantul obtinem: f (x) =€**2*% 1 2™ _3= ) (x2+2x+a) -3 . 2p
Notand : &% =t>0, ecuatia f (x)=0 devine:

t? +?2—3=0<:>t3_ﬁ=O©(t_1)ztﬂ=O©(t—1)2(t+2)=0:>t1=1> Ot,=-2<0 ... 1p
Revenind la notatie, vom avea : ) _1 2 xras 0(*).

Ecuatia are solutiireale < A>0<1-4a>0< ac (—oo,ﬂ S 1p

a) Ecuatia f (x) =0 are toate solutiile strict negative < ecuatia (*) aresolutiile x, x, strict negative.....1p

A>0
<41S<0unde S=x+%=-LP=x-x,=a = . 1p
P>0

o

-1<0 adevarat < ae (Oﬂ

ae(O,oo)
......... 1p
k-1 k1, kB 2 k-1, pk
2.1)=2) A+B+B+.. 4B =Q,[B=>MAB+B*+..+ B+ B=Q, = A+B+B*+.+B+B=Q,=B=0Q, ....3p
Q
2)=1) Stim ca B=0,, vk e N,k >2.Demonstram prin metoda inductiei matematice afirmatia de la (1) ...... 1p

P(k):A+B+B?+..+B“'=0,,Vke N,k>2

1)P(2): A+ B=0, de verificat

AB=A+B B?=0,

O,=B’=AB’=(AB)B = (A+B)B=AB+B’ = AB=A+B=A+B=0 = P(2) adevirat. .. 1p
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1P (k) - P(k+1)
P(k): A+B+B?*+..+ B“" =0,,pentru k e N,k > 2fixat , ipoteza de inductie

P(k+1): A+ B+B’+..+ B!+ B“=0,, trebuie demonstrat

Din P(k):ArB+...+B"1:Q‘+B<(:q):>A+B+BZ+...+B"1+B‘:Q =Rk+): A+B+B'+..+B7+B‘=Qadevarat.

Z“:kz—k+1=2”:k2—k+1=2”:kz-k+1=2“: 2K+l
= Kk S (Kk) Gk k;ﬂ(kﬂ)M
_y 1 :n(l_ijzl_izi

k(k+1) k k+1 n+l n+1
k=1 k=1

. I (-2 D)= i (- fxwxfl)_nmxa( g f_i@

L S SR NS Y SN s S, 4
_lﬂr?oxa(x/x—ﬂh/; x/x_—1+x/_j e (\/x_+1+\/—)(\/_1+x/_)J
= lim »& A-1-X-1 }

(Ve LX) (VL V) (1) |

T

Discutie:

1)Pentrua<§:l=0 2) Pentrua=§:l=—% 3) Pentrua>§:>l=—
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Solutii si bareme

1. D=R = nu exista asimptote verticale. Cum lim f(x)=o0 = nu existd asimptote orizontale . ~ ...... 2p
X—>4o0

Studiem existenta asimptotei oblice la —oo:

2
N x| /1+— —X,[1+ -
_f (X): [im ——=— X +2 = lim ——X =-1, 1p
X

m= lim —= Ilim ——= Iim ——-= lim ——==-1, ...
X——0o X X—>—0 X—)—oo X—»—00

n= lim [ f(x)+x]= lim | VX*+2+x |= lim X +2 XZ:E: L 1p
X—>—00 X—>—00 T 1 X—>—00 ,X +2_x ™

deci y=-x asimptotd oblicala . 0,5p

Studiem existenta asimptotei oblice la +oo:

2
SE2 x| /1+— X 1+
) _ Iim ~ lim X" -1, 1p
x—>oo X

m= lim
X—wo X X—>00

X—>00

La2- 2 2 o

n=lim[ f(x)-x]=lim|Vx*+2-x|= lim =£=0,
X—)oo[ ] X—>00 T I X—>—00 /X 124x ©

deci y = x asimptotd oblica la +oo. 0,5p
X Lol X+3 X+3 X+ 11

2.1 2 = 1 2 x|=(x+3)1 2 :(x+3)-(2+x+2x—4—x2—1)::(x+3)-(—x2+3x—3) ...... 4p
2 X 2 X 1 2 X

Cum determinantul este nul < (x+3)-(—x2+3x—3):0, adicd x+3=0=x=-3 ... 1p

sau —x?+3x—-3=0, dar A=-3<0 si ecuatia nu are solutii reale. Deci S={-3}. ... 2p
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sin(xz—l) eX2—1_1
(2 , S N— X+1 (21
3 Iimsm(x _1)-ex_l—lim X1 b L1 _21.1 7p
ol g(x3_1) -1 xol ~ 2 2 323 7
o(x*-1) tg(x*-1] (g (Ronsd A1) (+1)
-1
Nl
4 0 -
4.a) det(A+3l3)=10 3 0|=48+3=51. 2p
10 4
0 0 -2 2 0 -2 4 0 4
by A>=|0 0 0| A>=A2.A=| 0 0 0| A°=A>A2={0 0 O|si ... 1p
20 0 2 0 -2 4 0 -4
4 0 4) (4 0 -4 (0 00
A°+4A=| 0 0 0 |+|0 O 0|=/0 0 0|=05 1p
-4 0 -4/ 40 4) (000

¢) Din (b) = A+AA-Q=R =4 R=R. K= aR—(-47 A B-R AL R-(HA. AC(H"A= ... 1p

A+ A0+ A0 A2O1B Ay (—8) At (—4) At +(—4)F A= [1+ (=4)+(-4)+..+ (—4)503} A=

_ 504_ 4504
:( 4) 1A:1 4 A 1p
~4-1 5
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