Olimpiada de Matematica —etapa locala- Galati
16 februarie 2013
Clasa a X-a

Barem de evaluare

¢ Pentru orice solutie corecta, chiar daca este diferita de cea din barem, se acorda
punctajul maxim corespunzator.

¢ Nu se acorda fractiuni de punct, dar se pot acorda punctaje intermediare pentru
rezolvari partiale, in limitele punctajului indicat in barem.

Nr. Solutie, rezolvare Punctaj
problemei
a).
11+6v2 =(3+42) . p
x x 2:-x X
(11+6v2) =6-(3++2) ~7 = (3+2) =6-(3+2) -7.
Notim (3+ﬁ)x=t,t>o.
P=61-T 1 —61+T=0=1 =3+/2;1, =3-+/2; 1p
Ecuatia devine (3+\/§)x =3+2 o x= I
Ip

. x 1g(3-+2
(3+42) =3-v2 = (3442 =3+Iﬁ@x=%.

Solutiile ecuatiei sunt: 1 siM.
1lg3+~/2




b).

—1+i\/§ ’ 2 .. 2nY 2nt .. 2nm
=| cos—+isin— | =cos——+isin—;
3 3 3 3

2

—1—1\/5 ! 4n . 4nY dnm . . 4dnw
=|cos—+isin— | =cos——+isin—;
3 3 3 3

2

2nmt . . 28w dnm . . 4nm
COS——+isin——+CcoS—— +isin— =
3 3 3 3

2cos(nn)-cos(?j+2isin(nn)-cos(?j _2.(-1)’ -cos(?j;
2.(-1)" -cos(?j —2&(-1) -cos(%j —1=

cos(—nj:(—l)" :n—;:kn:n =3k,keZ

1p

1p

1p

1p

a).

Fie |zA|:|zA —zB|:|ZB|<:>|a+ib|=‘(a—b)~(1+i)‘<:>
Va® +b* =|a—b|-\/§c>
Sd+b—dab=0(a-2b) =3b* &

|a—2b|:b\/§<:>a:2bib\/§<:>a:b~(2i\/§).

Exista doua relatii ce satisfac conditia a > b.

L. a:b-(2+\/§):>zA :b-(2+\/§+i) sau z, :2-b-\/2+\/§-£cosl7t2+isinl

2/ =[p]-(2+VB) +1=2pjy2+ 5.

2. a:b-(Z—\/g):>z;1 :b-(2—\/§+i) sau z', :2-b-\/2—\/§-£cosz+isin7

= |- (2+\/§)2+1:2-\b\«/2+\/§.
Analog, z, :b-(1+(2+\/§)-i) sizj :b-(1+(2—\/§)-i).

Exista 2 triunghiuri echilaterale.

!’
Zy

2p

1p




DinS,,, =3 em? :>l=2cmz‘a—b‘-ﬁ=2<:>‘a—b‘=\/§.
Darpentrua:b(2+x/§),se obtine: a—b:b-(1+\/§):>‘a—b‘:‘b‘-(1+\/§):\/§:>

V2 (B-1) Jgl _ Ip

1] = (\/7 ):\/E \/E:blzzi\/g ﬁ:alzziﬂ-(ﬁﬂ).
2 2 ’ 2 ’ 2

Astfel, z, :*f(ﬁﬂﬂr(ﬁ—l)) si 7, :—*?(ﬁﬂﬂr(ﬁ—l)),

2 2
2y =L (VBB 41)). 2, =2 (VE- e (B 1)) 1p
b).
Fiez,=x+iy,x,yeR
Din [AD]E[BA]C:>|ZA—ZD|=|ZB—ZA|:>(x—a)2+(y—b)2=2-(a—b)2(1)
AB-AD=0< AD=(x—a)-i+(y-b)-J;
E:(b—a)h—(a—b)-};
(x—a)-(b—a)+(y—b)-(a—b)=O,b¢O:>x—y+b—a=O (2) Ip
Din (1), 2)=
x=2a-b
{ =z,=2a-b+i-a;
y=a
sau
x=b , _
{yzzb_azzl):bﬂ-(Zb—a)
daI'ZA+ZC=ZD+ZBZ)ZC=ZD+ZB—ZAZ>Zc=a+i-(2'a—b);
Analog, z., =2-b—a+b-i

Ip

Ze :b-(2+\/§)(1+\/§-i).
Zp :b~(2+\/§)~(\/§+i)

2




b" <x;-x, Xy 0 X,

= log, b" >log, (XX, Xy ..o X, ) &
a E(O,l)
log, b" >log, x, +log, x, +log, x;, +...+log, x, =

log, x, +log, x, +log, x; +...+log, x,

log, b>
n

log, x, >0=log, 1,(¥)i =1,n, deoarece numerele a,x, €(0,1),(V)i=1n
Se aplica inegalitatea mediilor:

log, x, +log, x, +...+log, x,
! n2 > q/loga X,

log, b= -log, x,-...log, x, =

log, b= Q/loga x,-log, x,-log, x;-...log, x,

Ridicand ambii membri la puterea a n-a, se obtine inegalitatea ceruta.

3p

1p

2p

1p




Metoda 1.

Deoarece f(1)=2, vomlua y=1,(V)xeZ.

Se obtine:

f(x+1)+f(x) :f(x)-f(1)+1,(‘v’)er:>f(x+1)=f(x)+1,(‘v’)er.
Demonstram prin inductie matematica

P(n): f(x+n)=f(x)+n(V)neN" (V)xeZ

P(1) este adevarata;

Presupunem P (n) adevarata ;

Dar f(x+n+1):f((x+n)+1):f(x+n)+1:f(x)+n+1:>
P(n+1)adevarata ;

In concluzie f (x+n)= f(x)+n,(V)neN",(V)xeZ (1)
In aceasta relatie x = x-n = f(x)zf(x—n)+n:>

f(x—n):f(x)—n (2)

Din (1)s5i(2) = f(x+k) = f(x)+k,(V)k € Z,(V)x el .

Luand x=0 = f (k) = f(0)+k;

Pentruk=1= f(1)=f(0)+1= f(0)=1.

In concluzie f(x) = x+1,(V)x e

Verificdm conditiile problemei

f(x+y)+f(x-y2): f(x)-f(y3)+1, (V)x,y € Z pentru functia gasita:
f(x):x+1,er
Egalitatea devine:

)H—y+1+y2x+l:()H—1)~(y3 4—1)4—1<::>y+yzx:xy3 +y.

Pentru x=0 si y=2, obtinem 2=8(fals) = nu exista functii care sa

verifice conditiile problemei.

2p

2p

2p
Ip




Metoda 2. f (x+y)+ f(x-3*)= £ (x)- £ () +1 (V)x.yeZ
Fie {j:(l):f(1)+f(0):f(0)-f(1)+1:>

2+ £(0)=2-£(0)+1= £(0)=1;

Fie {;21_1:f(0)+f(1)=f(1)-f(—1)+1:>
142=2-f(=1)+1= f(-1)=1;

Fie {x:_lzf(0)+f(—1):f(—1)~f(1)+1:>

y=1
2=3 ( fals) = nu exista functii f cu proprietatile date.

2p

2p

2p
1p
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